Technical Appendix to Accompany

“Revealing Transactions Data to Third Parties:
Implications of Privacy Regimes for Welfare in Online Markets”

by Michael R. Baye and David E. M. Sappington

This Technical Appendix provides proofs of the key conclusions in the text. Section I
characterizes the pure-strategy perfect Bayesian equilibria (PPBE) that arise when a sophis-
ticated consumer interacts sequentially with two merchants. Section II employs these results
to prove Propositions 1 — 9 in the paper. Section III considers the extensions of the model
discussed in Section 6 of the paper.

I. Characterizing Pure-Strategy Perfect Bayesian Equilibria

The analysis in this section pertains to the setting in the paper where a generic sophis-
ticated consumer (or buyer, B) interacts first with merchant (or seller) S1, and then with
merchant S2. B’s reservation value for each unit of each seller’s product is r € {r,7 }.

We first characterize transactions outcomes under privacy, where it is common knowledge
that no data from B’s interaction with S1 will be revealed to S2. Then we characterize
outcomes under transparency, where it is common knowledge that all transactions data from
B’s interaction with S1 will be revealed to S2.

Lemmas 1 — 4 in the text follow directly from Claims 1 — 3 below and the explanations
in the text. Lemmas 5 and 6 in the text follow from the remaining theorems and corollaries
in this Appendix. Specifically, Lemma 5 follows from Theorems 1 — 4, 9, 10, 14, and 17 and
their corollaries. Lemma 6 follows from Theorems 5 — 8, 11 — 13, 15, 16, and 18 and their
corollaries.

Claim 1. Under privacy, Si mazimizes her expected profit by setting price p; = T if
¢ >C= F—% and price p; = r if ¢; < C.

Proof. Si earns 0 with probability one if she sets p; > 7. Her (expected) payoffis [T — ¢; | ¢ n;
if she sets p; = 7. Si earns certain payoff [r — ¢; ] n; if she sets p; = r. Because Si’s payoff
is strictly less than [r — ¢; | n; if she sets p; < r and strictly less than [ — ¢; ] ¢ n; if she sets
any p; € (r,7), Si’s optimal price is either p; = r or p; =T.

Comparing the payoffs from these two prices reveals that S7 secures a strictly higher
expected payoff by setting p; = 7 if and only if:

[T —c)on; > [r—ci|n;
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Similarly, S7 optimally sets p; = r if ¢; <. B
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Claim 2. Under privacy, Si’s equilibrium payoff is: (i) ¢n; [F —¢;] if ¢; > ¢; and (i1)
nilr—ocl if ¢ <C.

Proof. The conclusion follows directly from Claim 1. W

Claim 3. Under privacy, B’s equilibrium welfare is:

0 if r=r
0 if =7 and ¢ > ¢ and ¢y > ¢C
[7F—1]n if =7 and ¢ < ¢ and cy > ¢ (1)
[T —1]ng if m=T7 and c¢; > ¢ and c < ¢
[F—r][ni+mny] of =7 and ¢ <C and c3 < C.

Proof. The conclusion follows directly from Claim 1. B

To prove Lemmas 5 and 6 in the paper, we now characterize the PPBE that can arise
under transparency for each of the possible configurations of the sellers’ production costs.
The following definitions are employed in the ensuing analysis.

Definitions

1.

¢, (p1) is S2’s ex post assessment of the probability that » = 7 after observing B
purchase n; > 0 units from S1 at price p;.

. ¢o(p1) is S2’s ex post assessment of the probability that r» = 7 after after observing B

purchase 0 units from S1 at price p;.

ct = /c\—l—gbZ—f [—f:ﬂ

. A separating PPBE is a PPBE in which B’s action in his interaction with S1 varies

with his reservation value, r.

. A pooling PPBE is a PPBE in which B’s action in his interaction with S1 does not

vary with his reservation value, 7.

We begin by presenting three conclusions that hold for all possible configurations of the
sellers’ costs.



Theorem 1. Suppose ny < ny. Then a separating PPBE does not exist under transparency.

Proof. Initially suppose a separating PPBE exists in which B buys from S1 at some p;
if and only if » = 7. Because beliefs must satisfy Bayes Rule along the equilibrium path,
¢, (P1) = 1 and ¢y(p1) = 0. Consequently, S2 will set p, = 7 if B buys from S1 at p,
whereas S2 will set p, = r if B does not buy from S1. B will buy from S2 if and only if the
price she sets does not exceed B’s valuation, 7.

First suppose r = 7. B’s welfare if he buys from S1 at price p; is:
Tp(P1,T) = m[T—p1]+n[T—=T] = m [T —D]. (2)
B’s welfare if he does not buy from S1 at price p; = p; is:
mp(D1,T) = nz[F—r]. (3)
(2) and (3) imply that B will buy from S1 when p; = p; if and only if:

m([T—p| > na[F—r] & m 7 —nmipr > no[T—r]

_ ng _ ~
S mT— m[F-r] >mp & T——[F—r] > p
ny
Because ny > ny:
Fo2ror] ST 2[ror] =
ny Mo

p<T- —[F-r] <r. (4)
Now suppose r = r. B’s welfare if he buys from S1 at price p; (and subsequently does
not buy from S2 at price ps =) is:
g (p1,r) = ni[r—p1]. (5)
B’s welfare if he does not buy from S1 at price p; is:
mp(P1,r) = mafr—r] = 0. (6)
(5) and (6) imply that B will not buy from S1 at price, p; if and only if:
nmlr—p] <0 & p>r. (7)

The last inequality in (7) contradicts (4). Therefore, when ny > n;, there does not exist a
separating PPBE in which B buys from S1 at some price p; if and only if r = 7.

To conclude the proof, suppose a separating PPBE exists in which B buys from S1
at price p; = p; if and only if » = r. Because beliefs must satisfy Bayes Rule along the
equilibrium path, ¢, (p1) = 0 and ¢y(p1) = 1. Consequently, S2 will set price p, = r if B
buys from S1 at price p;, whereas S2 will set po =7 if B does not buy from S1.

First suppose r = 7. B’s welfare if she buys from S1 at price p; is:

Ty (P1,T) = m [T =pi]+ne [T — 1]

B’s welfare if he does not buy from S1 at price p; is:



5(p1,7) = ng[T—7]= 0.
Therefore, B will not buy from S1 at price p; if and only if:

m[F—pl+mlF—r] <0 & [F-pl+=[F-1] <0
1

Because T <T + 12 [7 — r], B will not buy from from S1 at price p; if and only if:
F<T+—[T—r] < pn (8)

Now suppose r = r. B’s welfare if he buys from S1 at price p; (and subsequently buys
from S2 at price ps = r) is:

g (p1,r) = ni[r — pi]l+nefr—r] = nifr — p1].

B’s welfare if he does not buy from S1 at price p; (and subsequently does not buy from 52
at price po =T ) is 0. Therefore, B will buy from S1 at p; if and only if:

n1[£—ﬁl]20 & pp < or. (9)

(9) contradicts (8). Therefore, there does not exist a separating PPBE when ny > n;. W

Theorem 2. There does not exist a PPBE under transparency in which: (i) S1 setsp; = T ;
(ii) B buys from Sy if and only if r = T ; (i11) S2 always sets py = T.

Proof. Suppose there exists a PPBE in which S1 sets p; = 7, B buys at this price if and
only if r = 7, and S2 always sets po = 7. Suppose S2 observes that B did not buy from S1
at price p; = 7. Because 52’s beliefs must satisfy Bayes’ Rule along the equilibrium path,
¢o(7) = 0. Consequently, S2’s payoff is ny [ — co| > 0 if she sets p; = r and 0 if she sets
pa = T. The fact that S2’s payoff is strictly higher when she sets p, = r after seeing that B
did not buy from S1 at p; = 7 contradicts the premise that S2 always sets 7 in the putative
equilibrium. H

Theorem 3. Suppose ny > ny. Then under transparency, S1 will set py = py = T —
w27 —r] in any separating PPBE.
Proof. First consider a separating PPBE in which B buys from S1 when she sets price p;
if and only if r = 7. Because beliefs must satisfy Bayes Rule along the equilibrium path,
¢, (P1) = 1 and ¢y(p1) = 0. Consequently, S2 will set p, = 7 if B buys from S1 at price
p1 and S2 will set py = r otherwise.

B will buy from S2 if and only if p; < r. Therefore, B’s welfare if he buys from S1 at
price p; when r = T is:

Ty (p1, 7)) = n[F— p1|+ne[T—T] = n[T— pi).



B’s welfare if he does not buy from S1 at price p; = p; is:

mp(D. T) = na[F—r].
Therefore, B will buy from S1 at price p; = p; if and only if:
mlT=P] 2 mr-r] & B <T-2For]= 5 (10)
B’s welfare if he buys from from S1 at price p; = p; when r = r (and subsequently does
not buy from S2 at price ps = T) is:
W%l(ﬁlaf) = m [Z— 51] .
B’s welfare if he does not buy from S1 at price p; = p; is:
my(Pr,r) = ma[r—r] = 0.
Therefore, B will not buy from S1 at price p; = p; if and only if:
nmlr—p] <0 & p > r. (11)

(10) and (11) imply that S1’s price must lie in the interval (r,p;] in any separating
PPBE in which B buys from S1 at price p; € (r,p; ] if and only if » =7. (10) and (11) also
imply that when S1 sets p; € (r, p1), her payoff is ¢ny [ p1 —c1] < ¢ny[p1 — ¢1]. Because
S1 can secure a higher payoff by charging p; than by charging p; € (r,p1), any such p;
cannot arise in a separating PPBE. Consequently, p; = p; in any separating PPBE in which
B buys from S1 at price p; = p; if and only if r = 7.

Now suppose a separating PPBE exists in which B buys from S1 at price p; = p; if
and only if » = r. Because beliefs must satisfy Bayes Rule along the equilibrium path,
¢, (P1) = 0 and ¢y(p1) = 1. Consequently, S2 will set p, = r if B buys from S1 at price
D1, whereas S2 will set p, = T if B does not buy from S1 at price p;.

B will buy from S2 if and only if p; < r. Therefore, B’s welfare if he buys from S1 at
price p; when r = T is:

Ty (p1,7) = nu [T —p1]+ne [T — r].
B’s welfare if he does not buy from S1 at price p; is:
Ty (p1,7) = ne[T—T] = 0.

Therefore, B will not buy from S1 at price p; if and only if:

mlF—Fl+tm(r-1] <0 & p>7+[r—r] > (12)
ny
B’s welfare if he buys from S1 at price p; when r = r is:
g (P, r) = ni[r—pi]+ne[r—r] = ni[r— pi].

B’s welfare if he does not buy from S1 at price p; (and subsequently does not buy from 52
at price po = T) is 0. Therefore, B will buy from S1 at price p; if and only if:



mlr—p] >0 < p <r. (13)

(13) provides a contradiction of (12). Therefore, no separating PPBE exists in which B buys
from S1 at price p; if and only if r = . B

We now characterize the equilibria that can arise for each of the possible configurations
of the sellers’ costs (and relative values of n; and ny).

Setting 1A. ¢; > ¢, ¢ < ¢, and n; > ns.

-~

Theorem 4. Suppose ny > ny, ¢; > ¢ > ¢,and co < ¢. Then under transparency, a
separating PPBE exists in which: (i) S1 sets py = 7 — "2 [7—1]; (ii) B buys from S1 if
and only if r =T ; (iii) S2 sets ps = T if B buys from S1, and sets p, = r if B does not buy

from S1; and (iv) B buys from S2 if and only ps < r.

Proof. The beliefs that support the identified equilibrium actions are: (i) ¢, (r) = ¢;
(i) ¢o(r) < ¢; (ili) ¢,,(p1) =1 and @y(p1) < ¢ for all py > 75 (iv) ¢, (p1) = 1 and
¢o(p1) = 0 for all p; € (r,7]; and (v) ¢, (p1) = ¢ and @y(p1) < ¢ forall p; < r.

The proof proceeds by backward induction. We first prove that S2’s equilibrium actions
are optimal, given her beliefs. Then we prove that B’s equilibrium actions are optimal, given
S2’s beliefs. Next we prove that S1’s equilibrium actions are optimal. Finally, we verify that
S2’s beliefs satisfy Bayes Rule along the equilibrium path.

A. Prove that S2’s equilibrium actions are optimal.

¢,,(P1) = 1. Therefore, S2 maximizes her payoff by setting p, = 7 if B buys from S1
at price p; = pi.

¢o(p1) = 0. Therefore, S2 optimally sets p, = r if B does not buy from S1 at price

~

pP1 = DP1-

B. Prove that B’s equilibrium strategy is optimal.

Because the game ends following B’s interaction with S2, B maximizes his welfare by
buying from S2 if and only if py < r.

We now prove that B maximizes his welfare by buying from S1 at price p; = p; if and
only if r = 7.

First suppose » = 7. If B buys from S1 at price p; = p;, S2 will set p, = T because
¢,,(p1) = 1. Therefore, B’s welfare is:

T (P1,T) = m[T —pil+m[T=T] = m [T —p]

If B does not buy from S1 when p; = p;, S2 will set po = r because ¢y(p1) = 0. In this
case, B’s welfare is:
6



Tp(P1.T) = na[T—1].

Because 773 (p1,7) = 7%(p1,7), B optimally buys from S1 when she sets p; = p; when
r=r.

Now suppose r = r. If B buys from S1 at price p; = p1, S2 will set p, = T because
¢,,(p1) = 1. B will not buy from S2 because r < p;. Therefore, B’s welfare is:

W%%ﬁhf) = nl[f—iﬁ] < 0.

If B instead does not buy from S1 at price p; = p1, S2 will set p; = r because ¢y(p1) = 0.

Therefore, B’s welfare is: 0~
mp(P,r) = na2[r —r] = 0.

Because 7% (p1,7) > 7% (P1,7), B optimally does not buy from S1 when p; = p; and r =r.

C. Prove that S1’s equilibrium actions are optimal.

1. We begin by characterizing B’s optimal response to out-of-equilibrium prices by S1.
Result C1. When » = 7, B optimally does not buy from S1 at any price p; > pi, and
buys from S1 at any price p; < p;.
Proof. Initially suppose that S1 sets p; > 7. Because ¢, (p1) =1 for all p; > 7, 52 will set
py =T if B buys from S1. Consequently, B’s welfare is:

Ty (p1,7) = m [T—pi]+ne[F—T] = m[T—p1] < 0.
Because ¢y(p1) < ¢ for all p; > 7, if B does not buy from S1 at price p; > 7, S2 will set
pe = r (because ¢ < ¢, by assumption). Therefore, B’s welfare is:

WOB(pl,?) = TLQ[F—Z] > 0.

Consequently, when r =7, B optimally does not buy from S1 if p; > 7.

Next suppose that S1 sets p; € (py,7]. Because ¢, (p1) =1 for all p; € (py,7], 52 will
set po =T if B buys from S1. Consequently, B’s welfare is:

Ty (p1,T) = m[T—p1]+n[F—7] < m|[F—p1] = no[T—1].
Because ¢y(p1) = 0 for all p; € (p1,7], S2 will set po = r if B does not buy from S1.
Consequently, B’s welfare is: 3 3
Tp(p1,T) = n2[T—r].
Because 'y (p1,7) < 7%(p1,7), B will not buy from S1 at any price p; € (p1,7] when r =T.

Next suppose that S1 sets p; € (r,p1). Because ¢, (p1) =1 for all p; € (r,p1), S2 will
set po =T if B buys from S1. Consequently, B’s welfare is:
Ty (p1,7) = i [T—pi]+na[F—T] > n[T—D1] = na[F—1].

Because ¢y(p1) = 0 for all p; € (r,p1), S2 will set p, = r if B does not buy from S1.

Consequently, B’s welfare is: 3 3
TFB(plar) = N2 [’l" - E] :



Because 77 (p1,T) > 7%(p1,7), B will buy from S1 at any price p; € (r,p;) when r =T,

Finally, suppose that S1 sets p; < r. Because ¢, (p1) = ¢ for all p; < r, S2 will set
po = 1 if B buys from S1 (since ¢; < ¢). Consequently, B’s welfare is:

TR (P, T) = m[T—pi]+ne[F—r] > [m+n][T—r].

Because ¢y(p1) < ¢ for all p; < r, S2 will set p, = r if B does not buy from S1 (since
co < ©). Consequently, B’s welfare is:

(1, T) = na[F—r].
Because 7 (p1,T) > 7%(p1,7), B will buy from S1 at any price p; <7 whenr =7

Result C2. When r = r and p; # p, B optimally does not buy from S1 at any price p; > r
and buys from S1 at any price p; < r.

Proof. Initially suppose that S1 sets p; > r. Because ¢, (p1) =1 for all p; > r, if B buys
from S1, S2 will set p, = 7. Consequently, B’s welfare is:

Ty (p1,r) = ni[r—p]+0[F—r] = ni[r—p1] < 0.

Because ¢q(p1) < ¢ for all p; > r, S2 will set po = r if B does not buy from S1 (since
¢y < ). Consequently, B’s welfare is:

WOB(pl»Z) = mp|[T—r] = 0.
Because 77 (p1,1) < ©%(p1,r), B will not buy from S1 at any price p; > r when r = r.

Next suppose that S1 sets p; < r. Because ¢, (p1) = ¢ for all p; < r, if B buys from
S1, S2 will set ps = r (since ¢ < ©). Consequently, B’s welfare is:

1y (p1,r) = mlr—pi]+na[r—r] = m[r—p] > 0.

Because ¢y(p1) < ¢ for all p; < r, S2 will set po = r (since c; < ¢) if B does not buy
from S1. Consequently, B’s welfare is:

% (p1,r) = na[F—1] = 0.
Because 7 (p1,1) > 7%(p1,7), B will buy from S1 at any price p; < r when r =r.
2. We now prove that S1’s equilibrium actions are optimal.

When S1 sets p; = p1, B will buy from S1 if and only if » = 7. Consequently, S1’s
payoft is: m(p1) = ¢m[pr—al > 0.

Results C1 and C2 imply that B will not buy from S1 at any price p; > p;. Consequently,
S1’s payoft is m1(p1) = 0 for all p; > py.

Results C1 and C2 imply that if S1 sets p; € (r,p1), B will buy from S1 if r =7 and
not buy from S1 if » = r. Consequently, S1’s payoff is:

mi(p1) = dm[p—a] < énlp—al.

Results C1 and C2 imply that B will buy from S1 if she sets p; < r. Consequently, S1’s
8



payoff from a price p; < r is:

m(p) = mlp—al < mlr—al < émlp—al. (14)
The inequality in (14) holds because:
r—a < ¢[p—al & [1-¢la >r—9¢p = Z—Qb[T—Z—i(F—E)}
& [1-6la > r—6T+¢ —[F—1]
n
& [1=dla > [1-¢]7—(F-r)+6 2[7-1]
& oo > T—I:éﬂb%[F—f] = 8+¢Z—j[j:ﬂ (15)

The inequality in (15) holds because ¢; > ¢* by hypothesis. Therefore, S1 maximizes her
payoff by setting p; = py.

D. Prove that S2’s beliefs satisfy Bayes Rule along the equilibrium path.

) R Pr(r =7 and B buys at p:
Pr(r =7| B buys at p1) = ( Pr(Buys at py) :

Pr(B buys at py |r =7) Pr(r =7)
Pr(Bbuysatpy|r=7)Pr(r=7)+Pr(Bbuysatp, |[r=r)Pr(r=r)

1ol
T ifelrolig] 1T omiP)

_ R Pr(r =7 and B does not buy at p:
Pr(r =7| B does not buy at p1) = ( Pr( B does not buy at p1) 1)

Pr (B does not buy at py |r =7) Pr(r =7)

- Pr (B does not buy at p; |r =7) Pr(r =7) + Pr( B does not buy at p; |[r=1r) Pr(r=r)
_ 0[¢] PR
Tl rig] 0T el

Observation. Theorem 3 implies that the equilibrium identified in Theorem 4 is the unique
separating PPBE under the specified conditions.



Corollary 1. Under the conditions specified in Theorem 4, B’s equilibrium welfare is the
same under transparency and privacy for each realization of r.

Proof. Claim 3 implies that under privacy, B’s equilibrium welfare is: (i) 0 when r = r; and
(ii) ng [T —r] when r =T7.

Theorem 4 implies that under transparency, B’s equilibrium welfare is: (i) nq [F — p1] =
ny [T —r] when r =7; and (i) O when r = 7. W

Corollary 2. Under the conditions specified in Theorem 4, transparency reduces the equi-
librium payoff of S1 and increases the equilibrium payoff of S2 (by the same amount).

Proof. Claim 2 implies that under privacy, the payoffs of S1 and S2 are:
7 = ¢ [T—c1] and Ty = ny[r —cal. (16)

Theorem 4 implies that under transparency, the payofts of S1 and 52, are:

T o= ¢m[p—al < ¢m[F-a], and
T = ¢y [F—c)+[1—d]na[r—co] > na[r—co]. (17)

(16) and (17) imply:

7r1T—7r¥ = ¢om[p—T] = —pm[T—1] = — [7r2—7r2]. [ |

Corollary 3. Under the conditions specified in Theorem 4, transparency does not affect
expected industry welfare.

Proof. Because industry welfare is the sum of B’s welfare and the payoffs of S1 and 52, the
conclusion follows directly from Corollaries 1 and 2. W

Theorem 5. Suppose ¢c; > ¢* > ¢ and co < ¢. Then a pooling PPBE does not exist under

transparency.

Proof. Because ¢y, < ¢ and S2’s beliefs must satisfy Bayes Rule along the equilibrium path,
S2 will always set po = r in any pooling PPBE. B will always buy from 52 at this price.
Consequently, B’s welfare if he always buys from S1 at price p; is:

niy[r—pi] whenr = r, and
ny[F—pi]+ne[T—r] whenr = 7. (18)

First consider a pooling PPBE in which B always buys from S1 when p; > r. (18)
implies that B’s welfare will be negative when » = r. B can secure nonnegative welfare by
not buying from S1 at price p; > r when r = r. Therefore, a pooling PPBE in which B

always buys from S1 at price p; > r does not exist.
10



Now consider a pooling PPBE in which B always buys from S1 when p; < r. S1’s
payoff is n; [ p1 — ¢1 |, which is maximized at price p; = r. Consequently, in any such pooling
PPBE, S1 will set p; = r and secure payoff n; [r —c¢;| > 0 (which exceeds S1’s payoff in
any pooling PPBE equilibrium in which B does not buy from S1).

(18) implies that when S1 sets p; = r, B’s welfare is 0 when r = r whether he buys
or does not buy from S1. When r = 7, B’s welfare is [n; + ne ] [F —r] if he buys from
S1 at price p; = r. His corresponding welfare is ny [7 — 7] if he does not buy from S1 at
price p; = r. Therefore, B will always buy from S1 at price p; = r and S1 secures payoff
ni[r—cl.

Theorem 4 implies that if S1 deviates by setting price p; = p;, B will buy at this price
when r = r. Therefore, S1’s payoff from this deviation is

m(p1) = ¢ —a] > mr—c]

where the strict inequality holds because:

r—a < ¢lpp—al & [1-9¢la >r—0¢p = £—¢{F—Z—j(7—£)}
& [1-¢la > r—¢F+ ¢ 2[F—r]
n
& [1-6la > [1-6]T—(F-r)+0 2[7-r]
& o > r—g:i q&Z—i[?—z] = A+¢Z—i{::2} =

Because S; earns a higher payoff by deviating to charge py, there does not exist a pooling
PPBE under the conditions specified in Theorem 5. Il

Theorem 6. Suppose c; € (¢,c*) and ¢y < ¢. Then the unique PPBE under transparency
is the pooling PPBE in which S1 and S2 both charge r and B always purchases from both
sellers at this price.

Proof. Claims 1 and 2 imply that if a pooling PPBE exists, S1 will set p; = r and secure
payoff ny [r — ¢1]. Theorems 3 and 4 imply that if a separating PPBE exists, S1 will charge
price p; and secure payoff ¢ n; [ p1—cy |, which is strictly less that ny [r — ¢; | when ¢; € (€, ¢¥)
as demonstrated above. Therefore, S1 will set p; = r, B will always buy from S1 at this
price, and consequently, S2 will set p, = r and B will buy from S2 at this price. B

Observation. Theorems 3, 4, 5, and 6 imply that when ¢ < ¢ < ¢, the unique PPBE
under transparency is: (i) the separating PPBE in which S1 sets p; = py if ¢; > ¢* and (ii)
the pooling PPBE in which p; = py = r if ¢; € (¢, ¢¥).

11



Corollary 4. Under the conditions specified in Theorem 6, transparency increases B’s wel-
fare when r = 7 and does not change B’s welfare when r = r.

Proof. Claim 3 implies that under privacy, B’s equilibrium welfare is: (i) ng [7 —r | when
r=7; and (ii) 0 when r =r.

Theorem 6 implies that under transparency, B’s equilibrium welfareis: (i) [ng +no | [T — 1|
when r =7; and (ii) O when r =7. W

Corollary 5. Under the conditions specified in Theorem 6, transparency: (i) reduces S1’s
equilibrium payoff; and (i) does not change S2’s equilibrium payoff.

Proof. Claim 3 implies that under privacy, the payoffs of S1 and S2 are:

) = ¢ni[F—ec1] and 7y = no[r— ). (19)
Theorem 6 implies that under transparency, the payoffs of S1 and S2 are:
7l = nilr—c] fori = 1,2. (20)

(2

The conclusion follows because 7§ = 72 and ny [r —c¢1] < ¢ny [F—¢;] since ¢; > ¢. W

Corollary 6. Under the conditions specified in Theorem 6, transparency increases equilib-
rium industry welfare.

Proof. Corollaries 4 and 5 and their proofs imply that under privacy, equilibrium industry
welfare is: v _ _
WY = ¢ona[T—r1r] +on[F—c1] +na[r—c]. (21)

(20) and the proof of Corollary 4 imply that under transparency, equilibrium industry

welfare is: WT = dlni+m][F—r]+mr—cal+nr—c]l. (22)

(21) and (22) imply:

WE—wY" = élmtne][F—r]+nlr—a]-¢n[T—r] —¢n[7T—c]
= dlm+n][F—r]—¢n[T—rl4+n[r—c]—0é¢n [T —c]
= ¢om[T—r]—¢m|[F—cal+n[r—c]
= ¢m[T—r—T+c]+nr—oc]
= —o¢m(r—al+mr—al

= [1—=9¢|m[r—c] > 0. A
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Setting 1B. ¢; > ¢, ¢ < ¢, and ny > njy.
nd co < ¢. Then under transparency, a pooling

Theorem 7. Suppose ny > ny, ¢1 > ¢, a
r; (ii) S2 sets py = r; and (i1i) B always buys from

PPBE exists in which: (i) S1 sets p; =
S1 and from S2.

1=

) = ¢;
1 and

Proof. The beliefs that support the identified equilibrium actions are: (i) @, (
(i) ¢o(r) < ¢; (iil) &, (p1) =1 and ¢y(p1) < ¢ for all p1 > 75 (iv) &, (p1)
¢o(p1) = 0 for all py € (r,7]; and (v) ¢,,(p1) = ¢ and ¢y(p1) < ¢ for all p; < r.

The proof proceeds by backward induction. We first prove that S2’s equilibrium action
is optimal, given her beliefs. Then we prove that B’s equilibrium actions are optimal, given
S2’s beliefs. Next we prove that S1’s equilibrium action is optimal. Finally, we verify that
S2’s beliefs satisfy Bayes Rule along the equilibrium path.

A. Prove that S2’s equilibrium action is optimal.

¢, (r) = ¢. Therefore, after B buys from S1 at price p; = r, S2 maximizes her payoff
by acting as she does under privacy. Claim 1 implies that because c¢; < ¢, S2 will set p; = r.

¢o(1) < ¢. Therefore, because ¢y < ¢, S2 will set p; = r if B does not buy from S1.

B. Prove that B’s equilibrium actions are optimal.

Because the game ends following B’s interaction with S2, B maximizes his welfare by
buying from S2 at price py = r.

We now prove that B maximizes his welfare by buying from S1 when she sets price
p1 = r. First suppose r = 7. If B buys from S1 at price p; = r, S2 will set po = r because

¢, (r) = ¢ and c; < ¢. Therefore, B’s welfare is:
Tp(p=rT) = m[T—r]+n[T—r] = [m+n][T—1r].

If B instead does not buy from S1 at price p; = r, S2 will set ps = 1 because ¢q(r) < ¢
and ¢y < ¢. Therefore, B’s welfare is:

h(pr=1,7) = np[T—r] < [m+n][F—1].

Because 7% (py = r,7) > 7%(p1 = r,7), B optimally buys from S1 at price p; = r when
r=T.

Now suppose r = r. If B buys from S1 at price p; = r, S2 will set p, = r because
¢, (r) = ¢ and c; < ¢. Therefore, B’s welfare is:

g =rr) = mr—r|+nr—r] = 0.

If B does not buy from S1 at price p; = r, S2 will set p, = r because ¢,,(r) < ¢ and
co < . Therefore, B’s welfare is:

Ty =r,r) = na[r—r] = 0.

13



Because 7 (p1 = r,r) = 7%(p1 = r,r), B optimally buys from S1 at price p; = r when

rT=r.

C. Prove that S1’s equilibrium action is optimal.

1. We begin by characterizing B’s optimal response to out-of-equilibrium prices by S1.

Result Ci. When r =7, B optimally does not buy from S1 at any price p; > r and buys
from S1 at any price p; < r.

Proof. Initially suppose that S1 sets p; > 7. Because ¢, (p1) =1 for all p; > 7, 52 will set
p2 =T if B buys from S1. Consequently, B’s welfare is:

g (PL,T) = n[T—pi]+n[T—7T] = m[T—m] < 0.

Because ¢y(p1) < ¢ for all py > 7, if B does not buy from S1 at price p; > 7, S2 will set
pa =1 (because ¢ < ¢, by assumption). Consequently, B’s welfare is:

’/TOB(pl,T): ng[T—f] > 0.

Because 7% (p1,7) > 75 (p1,7) , B optimally does not buy from S1 when she sets p; > T
and r =T.

Next suppose that S1 sets p; € (r,7]. Because ¢, (p1) =1 for all p; € (r,7], S2 will
set po = 7 if B buys from S1. Consequently, B’s welfare is:

Ty (p1,T) = m[F—p1]|+ne[T—T] = m[F—p1] < m[F—r].

Because ny > nq, B’s welfare is:

(P, T) = no[T—r] > m[F-r]. (23)
Because %(p1,7) > 74 (p1,7), B optimally does not buy from S1 when she sets any price
p1 € (r,7] and r =T.

Now suppose that S1 sets p; < r. Because ¢, (p1) = ¢ forall p; <r, S2 willset p, =r
if B buys from S1 at this price (since co < ¢). In this case B’s welfare is:

Ty (p1,7) = m[F—p1|+ne[T—1] > [n1+n][F—r].

Because ¢y < ¢ and ¢y(p1) < ¢ for all p; < r, if B does not buy from S1, S2 will set py = r.
Consequently, B’s welfare is:

mh(p1,T) = ma[T—r] < [m4ne][TF—1].

Because 7% (p1,7) > 7%(p1,7), B optimally buys from S1 for any p; < r when r = T.

Result Cii. When r = r, B optimally does not buy from S1 if p; > r and buys from S1 if
P <T.

Proof. Initially suppose that S1 sets p; > r. Because ¢, (p1) =1 for all p; > r, if B buys
from S1, he will subsequently not buy from S2 at price p» = 7. Consequently, his welfare

14



is 5 (p1,r) = ni[r—p1] < 0. Because ¢y(p1) < ¢ for all p; > r, if B does not buy
from S1 at price p; > r, S2 will set p; = r (because ¢, < ¢). Consequently, B’s welfare is
7% (p1,1) = na [r — 1] = 0. Because 7%(p1,7) > 74 (p1,7), B optimally does not buy from

S1 when she sets any price p; > r and r =r.

Next suppose that S1 sets p; € (r,7]. Because ¢, (p1) =1 for all p; € (r,7], S2 will
set po =T if B buys from S1 and he will subsequently not buy from S2. Consequently, his
welfare is 7 (p1,r) = n1 [r — p1] < 0. Because ¢y(p1) = 0 for all p; € (r,7], if B does not
buy from S1 at price p; € (r,7], S2 will set p; = r (because co < ¢). Consequently, B’s
welfare is 7%(p1,7) = ng [r — 1] = 0. Because 1%(py,r) > 74 (p1,7), B optimally does not
buy from S1 at any p; € (r,7] when r =r.

Now suppose that S1 sets p; < r. Because ¢, (p1) = ¢ for all p; < r, if B buys
from S1 at this price, S2 will set p» = r (because co < ¢). Consequently, B’s welfare
is 7y (p1,17) = ni[r—pi] +ne[r—1r] > 0. Because ¢y(p1) < ¢ for all py < r, if B
does not buy from S1, S2 will set py = r (since ¢ < ¢). Consequently, B’s welfare is
7% (p1,1r) = na[r —r] = 0. Because 7% (p1,r) < 7' (p1,7), B optimally buys from S1 at
any p; <r when r =r.

2. We now prove that S1’s equilibrium strategy is optimal.
Because B always buys from S1 at price p; = r, S1’s payoff in the putative equilibrium

15 m(r) = ni[r—c] > 0.

Results Ci and Cii imply that this payoff exceeds the payoff that S1 earns by setting any
price p; > r. In particular, B does not buy from S1 if p; > r, so w1 (p;) = 0 for all p; > r.

Results Ci and Cii imply that B will buy from S if p; < r. Consequently, S1’s payoff
from setting p; < r is:

mTi(p) = mp—al < mr—al = m(r).

Therefore, S1 maximizes her payoff by setting p; =r.

D. Prove that B2’s beliefs satisfy Bayes Rule along the equilibrium path.

Pr(r =7and B buys at p; =)

Pr(r=7|B buysat p; =1) = Pr( B buys at py =)

Pr(B buysat py=r|r=7)Pr(r=7)
Pr(B buys at py =r|r=7) Pr(r=7)+Pr(B buysat py =r|r=r)Pr(r=r)
1[¢]

T ifelriig] ¢ e W
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Corollary 7. Under the conditions specified in Theorem 7, B’s equilibrium welfare is: (i)
strictly higher under transparency than under privacy when r =7 ; and (ii) the same under
transparency and privacy when r = r.

Proof. Claim 3 implies that under privacy, B’s equilibrium welfare is: (i) ny[r — 7] when
r =7; and (ii) 0 when r = r.

Theorem 7 implies that under transparency, B’s equilibrium welfare is: (i) 0 when r = r;
and (i) [ny +n2][r —7] whenr=7. R

Corollary 8. Under the conditions specified in Theorem 7, transparency reduces the equi-
librium payoff of S1 and leaves the equilibrium payoff of S2 unchanged.

Proof. Claim 2 implies that under privacy, the payoffs of S1 and S2 are:

7 = ¢n [F—ci] and 7y = ny[r—cy]. (24)

Theorem 7 shows that, under transparency, B will always buys from S1 and from S2 at
price r, so the equilibrium payoffs of S1 and 52 are:
™ = mr —c] < ¢ni [T —c] = 7] and 74 = no[r —cy] = my.  (25)

The strict inequality in (25) holds because ¢; > ¢, by assumption. H

Corollary 9. Under the conditions specified in Theorem 7, transparency increases equilib-
rium industry welfare.

Proof. Corollaries 4 and 5 and their proofs imply that under privacy, equilibrium expected
industry welfare is:

WY = ¢na[F—1] +¢m[F—ci] +nar—ca]. (26)

(25) and the proof of Corollary 7 imply that under transparency, equilibrium industry
welfare is:

WP = ¢lni+ng|[F—r]+nifr—c]|+na[r—c]. (27)
(26) and (27) imply:
WE—w" = om[F—rl+nlr—al—¢n([r—c]

= m[pT—dr +1r—c1—¢T + dci
= m[—¢r+r—c+ocl

= m[l-9¢)r—(1-¢)a]

= [1—-¢|mr—c] >0. R
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Theorem 8. Under the conditions specified in Theorem 7, the equilibrium identified in the
theorem is the unique pooling PPBE.

Proof. S1’s payoff is ny [r — ¢1] > 0 in the identified pooling PPBE. S1’s payoff is 0 in any
pooling PPBE in which B never buys from S1. S1’s payoff is also less than n; [r — ¢] in
any pooling PPBE in which B always buys from S1 at p; < r. Therefore, in any alternative
candidate pooling PPBE, B must always buy from S1 at p; > r.

When r = r, B’s welfare if he buys from S1 at price p; > r is ny[r —p1|] < 0. B’s
welfare is non-negative if he does not buy from S1 at this price. Because B will not always
buy from S1 at p; > r, the equilibrium in which S1 sets p; = r is the unique pooling PPBE
under the specified conditions. W

Setting 2A. ¢, > ¢, ¢ > ¢, and n; > ny.

Theorem 9. Suppose n; > ny, ¢ > c¢* > ¢, and ¢ > ¢. Then under transparency, a
PPBE exists in which: (i) S1 sets py = T — 22 [T —r]; (ii) S2 sets py = T if B buys from
S1, whereas S2 sets ps = r if B does not buy from S1; (iii) B buys from S1 if r =7, but
does not buy from S1 if r =r; and (iv) B buys from S2 if and only ps < 7.

Proof. The beliefs that support the identified equilibrium actions are: (i) ¢, (p1) =1 for all

p1 > 15 (ii) ¢o(p1) =0 for all py <75 (iii) @y(p1) = ¢ for all p; > 7; and (W) Gy (P )
for all p; < r.

The proof proceeds by backward induction. We first prove that S2’s equilibrium actions
are optimal, given her beliefs. Then we prove that B’s equilibrium actions are optimal, given
S2’s beliefs. Next we prove that S1’s equilibrium actions are optimal. Finally, we verify that
S2’s beliefs satisfy Bayes Rule along the equilibrium path.

A. Prove that S2’s equilibrium actions are optimal.

First suppose B purchases n; units from S1 at price p;. Because ¢, (p1) = 1, 52’s payoff
is 7 — co > 0 if she sets po = 7. Because S2’s secures payoff zero if she sets p, > 7 and secures
payoff py — co < T — ¢y if she sets po < 7, S92 maximizes her payoff by setting ps = 7.

Now suppose B does not buy from S1 at price p. Because ¢,(p1) = 0, S2’s payoff is
r — cg > 0 if she sets ps = r. Because S2 secures payoff zero if she sets po > r and secures
payoff po — co < 17 — ¢y if she sets ps < r, 52 maximizes her payoff by setting py = 7.

B. Prove that B’s equilibrium actions are optimal.

Because the game ends following B’s interaction with S2, B maximizes his welfare by
buying from S2 if and only if py < r.

We now prove that B maximizes his welfare by buying from S1 at price py = p; if r =7
and not buying from S1 if r = r.

First suppose r = 7. If B buys from S1 at price pi, S2 will set p = 7 because
¢,,(D1) = 1. Therefore, B’s welfare is:
17



Ty (PLT) = m[T —pl4+m[T-T] = m[F -]
= n {F—(F—Z—i[?—f])] = mp[F —1]. (28)

If B does not buy from S1 at price py, S2 will set po = r because ¢,(p;) = 0. Therefore,

B’s welfare is: 0~ _ 3
mp(p1,7T) = na [T —1].

Because 73 (p1,7) = 7%(p1,7), B will buy from S1 at price p; = p; when r = 7.

Now suppose = r. If B buys from S1 at price p1, S2 will set p, = T because ¢,, (p1) = 1.
B will not buy from S2 at this price. Consequently, B’s welfare is:

ny o ~ — n2
g (P,r) = nilr—p] = m [z—(r—n—j[r—z])]
= mr—mTF+nT —ngr = [ng—my|[T —r] < 0.

If B does not buy from S1 at price py, S2 will set ps = r because ¢,( p1) = 0. Therefore,

B’s welfare is: 0~
mp(p1,r) = nofr—r] = 0.

Because 7%(py, 1) > 7’5 (p1,r), B optimally does not buy from S1 at price p; when r = r.

C. Prove that S1’s equilibrium action is optimal.

1. We begin by characterizing B’s optimal response to out-of-equilibrium prices by S1.

Result C1. When r =7, B optimally buys from S1 if p; < p; and does not buy from S1
if pr > P
Proof. Initially suppose that S1 sets p; > 7. Because ¢, (p1) =1 for all p; > r, 52 will set
py =T if B buys from S1. Consequently, B’s welfare is:
W%1<p1,7) = m [F—pl] +n2[7_°—7] = n [F—pl] < 0.

Because ¢y(p1) = ¢ for all p; > 7, if B does not buy from S1 at price p; > 7, S2 will either
set pp =T (if ca > ©) or po = r (if ¢y = ¢). Consequently, B’s welfare is:

% (p,7) > min {ng [F—F], na[F—1]} = ny[F—F] = 0.
Because 7%(py,7) > 7’4 (p1,7), B will not buy from S1 at any price p; > 7 when r = F.

Next suppose that S1 sets p; € (p1,7]. Because ¢, (p1) =1 for all p; > r, S2 will set
py =T if B buys from S1. Consequently, B’s welfare is:
Ty (p1,T) = [T —pi]+me[T=T] = m [T —p1] < m[T—p1] = n2[T —1],

where the last equality follows from the analysis that underlies (28). Because ¢y(p;) =0 for
all p; < 7, if B does not buy from S1 at price p; € (p1,7], S2 will set p; = r. Consequently,
B’s welfare is: 0 3 B

mp(p1,T) = no [T —1].
Because 7% (p1,7) > 75 (p1,7), B optimally does not buy from S1 at price p; € (p1,T]

18



when r =7.

Next suppose that S1 sets p; € (r,p1). Because ¢, (p1) = 1 for all p; > r, S2 will
set po = T if B buys from S1. Consequently, B’s welfare is (again using the analysis that
underlies (28)):

—r].

|

W%l(pl,F) = nl[F—pl]—I—nz[T—F] > nl[F—ﬁl] = ng[

Because ¢y(p1) =0 for all p; <7, if B does not buy from S1 at price p; € (r,p1), S2 will
set po = r. Consequently, B’s welfare is:

my(p1,T) = na[T —r].
Because 7 (p1,7) > 7%(p1,7), B will buy from S1 for any p; € (py,r) when r = 7.

Now suppose that S1 sets p; < r. Because ¢, (p1) = ¢ for all p; < r, S2 will set
po = T if B buys from S1 (because c¢s > ¢). Therefore, if B buys from S1, his welfare is:

Ty (p1,T) = m [T —pi]+n[T—T] = n [T —p1] > m [T —1].
Because ¢,(p1) = 0 for all p; < 7, if B does not buy from S1 at price p; < r, S2 will set
po = r. Consequently, B’s welfare is:

m%(p1,T) = na [T —1].

7 (p1,7) > 74 (p1,7) because n; > ny. Consequently, B optimally buys from S1 at any
price p; < r when r = 7.

Result C2. When r = r, B optimally: (i) does not buy from S1 if p; > r (p; # p1); and
(ii) buys from S1 if p; < r.

Proof. Initially suppose that S1 sets p; > 7. Because ¢, (p1) = 1 for all py > r, if B
buys from S1 at this price, he will subsequently not buy from 52 when she sets p, = 7.
Consequently, B’s welfare is 7% (p1,7) = n1[r — p1] < 0. Because ¢y(p1) = ¢ for all
p1 > 7, if B does not buy from S1 when she sets p; > 7, S2 will set p = T (because
co > ¢). B will not buy from 52 at this price, so B’s welfare is 7%(p;,7) = 0. Because
7% (p1,r) > 75 (p1,1), B optimally does not buy from S1 at any price p; > 7 when r =r.

Next suppose that S1 sets py € (r,7] (p1 # p1). Because ¢, (p1) =1 for all p; > r,
if B buys from S1 at this price, he will subsequently not buy from S2 when she sets price
ps = 7. Consequently, B’s welfare is 75 (p1,7) = ni[r — p1] < 0. Because ¢y(p1) = 0
for all p; < 7, if B does not buy from S1 when she sets p; € (r,7], S2 will set p, = r.
Consequently, B’s welfare is 7%(py, 1) = ny [r — r ] = 0. Because n%4(p1,7) > 7% (p1,1), B
will not buy from S1 if she sets p; € (r,7] (p1 # p1) when r = r.

Now suppose that S1 sets p; < r. Because ¢, (p1) = ¢ for all p; < r, if B buys
from S1 at this price, he will subsequently not buy from S2 when she sets po = 7 (because
co > ¢). Consequently, B’s welfare is 7% (p1,7) = ny [r — p1] > 0. Because ¢y(p1) = 0 for
all p; < 7, if B does not buy from S1 at price p; < r, S2 will set p = r. Consequently,
B’s welfare is 7% (p1, 1) = ng [ — r] = 0. Because 7' (p1,7) > 7%(p1,7), B optimally buys
from S1 at price p; < r when r =r.
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2. We now prove that S1’s equilibrium action is optimal.
When S1 sets p; = pi, B buys from S1 if and only if » = 7. Consequently, S1’s payoff

in the putative equilibrium is:
m(p1) = ¢m[p—al.

Results C1 and C2 imply that B will not buy from S1 at price p; > p;. Consequently,

S1’s payoft is m1(p1) = 0 for all p; > py.
Results C1 and C2 imply that if S1 sets p; € (r,p1), B will buy from S1 if r = 7 and
not buy from S1 if r = r. Consequently, S1’s payof is:
mi(p1) = ¢oni(p—al < ¢om[p—cal.

Results C1 and C2 imply that B will buy from S1 if p; < r. Consequently, S1’s payoff

from setting p; < r is:
npr—al < mfr—cal < ¢nipr —al.

1-9¢

Therefore, S1 maximizes her expected payoff by setting p; = py.

Ti(p1) =
The strict inequality here holds because:
r—a < ¢[p—al & [1-¢la >r—9¢p = E—Gb[?—n—j F—E)]
& [1=¢la > r—¢F+6 2[F—r] = [1=¢]F—(F—1)+6 = [F—r]
ny m
F_£+[ e }@[F—E] —E—i-qﬁ;l—j[?:fb] = c*

4 > T —
C1 r 1_¢

D. Prove that S2’s beliefs satisfy Bayes Rule along the equilibrium path.

B N Prr:Fandeuysa‘tﬁ
Pr(r =7|B buys at p1) = ( Pr( B buys at p1) :

B Pr(B buys at py |r =7) Pr(r =7)
~ Pr(Bbuysatpy|r=7)Pr(r=7)+Pr(Bbuysatp, [r=r)Pr(r=r)

el -
ilol+o[i—g] ' = P

_ N Pr(r =7 and B does not buy at p:
Pr(r = 7| B does not buy at p;) = ( Pr( B does not buy at p) -

Pr (B does not buy at py |r =7) Pr(r =7)
Pr(B does not buy at py |7 =7) Pr(r =7) + Pr( B does not buy at p; |[r=1) Pr(r=r1)

20



Corollary 10. Under the conditions specified in Theorem 9, B’s equilibrium welfare is: (i)
strictly higher under transparency than under privacy when r =T ; and (ii) the same under
transparency and privacy when r = r.

Proof. Claim 3 demonstrates that under privacy, B’s equilibrium welfare is 0 in the present
setting both when » =7 and when r = r.

Under transparency, B’s equilibrium welfare when r =7 is:

n|7—pi] = nlz—j[F —r] = mo[F —r] > 0. (29)

Under transparency when r = r, B’s equilibrium welfare is ng [r —r | =0. B

Corollary 11. Under the conditions specified in Theorem 9, transparency: (i) reduces the
equilibrium payoff of S1; (it) increases the equilibrium payoff of S2; and (iii) reduces the
aggregate equilibrium payoff of the sellers if co > ¢, and (iv) does not change the aggregate
equilibrium payoff of the sellers if co = €.

Proof. Claim 2 implies that under privacy, the payoffs of S1 and S2 are:
™ = ¢ni[T—ci] and 7y = ¢ny [T —ca]. (30)

Under transparency, B buys from S1 at price p; (and so S2 will set p, = 7) if and only
if r=7. If r =r, B does not buy from S1 at price p; and so S2 sets p, = r. Therefore,
S1’s equilibrium payoff is lower under transparency:

Wf = qb?ll [ﬁl_ Cl] < (bnl[F—cl] = WY. (31)

S2’s equilibrium payoff is higher under transparency:

T o= ¢y [T — |+ [1—@|na[r — o] > dna[T — 2] = 7. (32)

(30) implies that the aggregate equilibrium payoff of the sellers under privacy is:
Wg = (bnl[F—cl]—i-(bng[F—cQ]. (33)

(31) and (32) imply that under transparency, the aggregate equilibrium payoff of the

sellers is: T R _
Tg = ¢oni[pr— a]+onme [T -]+ [1-9¢]n[r — c]. (34)

(33) and (34) imply:
L —ms = dny[Dr— ]+ one [T —ca] +[1—dlna[r — 2]

—(gbnl[F—cl]%—gbng[F—cQ])

= om[p—al—om[T—cal+[l—-0]n[r — ]
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= ¢mpri— ¢ —¢mT+onicr +[1—@|nafr — o]
= ¢ompr—omT +[1-d]na[r — co]

= 4m F—Z—j(f—g)—ﬂﬁumm{f_ F—?__;)]
= —om[T—r]-[1-¢ln[F—r]+n[r—r] =0

The weak inequality here holds strictly when ¢, > ¢, and holds as an equality when ¢, = €.
|

Corollary 12. Under the conditions specified in Theorem 9, transparency increases equilib-
rium industry welfare.

Proof. Under privacy, S1 and S2 both charge 7 and B’s welfare is 0. Therefore, industry
welfare is aggregate supplier welfare:

WV = (bnl[F—Cl]—f-(ﬁng[F—Cg]. (35)
Under transparency, B’s welfare is as specified in (29) with probability ¢, and the sellers

receive the payoffs in (31) and (32). Therefore, under transparency, equilibrium industry
welfare is:

W = ¢na [T —r]+én [P — a]+om [T —c]+[1—¢]na[r — . (36)
(35) and (36) imply:
WT—W" = ¢na[F —rl+oénm [pr— al+én[F —c]+[1—d]na[r — ]

—(om[F —al+oén(r —al)

= ¢on[T —r]+oém[pr—al+[l—¢n(r —co] —oni [T — ]

= ¢om[F —r]+om F—Z—j(?—[)—cl +[1=¢]na[r —c2] —oni [T — 1

= [1—¢|n[r—c] > 0. N

Theorem 10. Suppose ny > no, ¢* > ¢y > ¢, and co > ¢. Then a separating PPBE does

not exist under transparency.

Proof. Initially suppose a separating PPBE exists in which B buys from S1 at price p;
if and only if » = 7. Because beliefs must satisfy Bayes Rule along the equilibrium path,
¢, (P1) = 1 and ¢y(p1) = 0. Consequently, S2 will set p, =7 if B buys from S1 at price

p1, whereas S2 will set po = r if B does not buy from S1 at price p;.
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B will buy from 52 if and only if p, < r. Therefore, B’s welfare if he buys from S1 at
price p; when r =7 is:

g (Pp1,T) = n [T —p1]+n[T—T] = ni [T —p1].

B’s welfare if he does not buy from S1 at price p; is:
(P, T) = na[T—r].

Therefore, B will buy from S1 at price p; if and only if:
m[F—pl > m[F-r] & p<7-2[F-r]. (37)
1

B’s welfare if he buys from S1 at price p; when r = r (and subsequently does not buy
from S2 when she sets p, = 7) is:

g (pr) = nalr— .
B’s welfare if he does not buy from S1 at price p; is:
my(Pr,r) = mafr—r] = 0.
Therefore, B will not buy from S1 at price p; if and only if:
nmlr—pl <0 & p>r. (38)

n —

These conditions together imply that p; € (r, 7 — o [7 —r]] in any candidate separating
PPBE.

3

We now demonstrate that 71 (r) > m (p1), i.e., that S1 secures a higher payoff if she

sets p; = r than if she sets p; = p; € (r, 7 — 22 [F —r]]. To do so, we first show that B

ni

will always buy from S1 if she sets price p; = . Because ¢, (r) = ¢ and ¢, > ¢, 52 will
set po = T if B buys from S1 when she sets p; = r. Because ¢,(r) = 0, S2 will set ps = r
if B does not buy from S1 when she sets p; = r. Therefore, when r = 7, B’s welfare if he
buys from S1 at this price is:

Ty (r,7) = m[F—r] +ng[T —T] = m [T—1].
B’s corresponding welfare if he does not buy from S1 at this price is:
mp(r,7) = ne[T—r] < ni[7—r].
Because 73 (r,7) > 7%(r,7), B will buy from S1 at price p; =r when r = 7.
When r = r, B’s welfare if he buys from S1 at price p; = r is:

Ty (r.r) = m[r —r] = 0.
B’s corresponding welfare if he does not buy from S1 at this price is:

mp(r,r) = nar —r] = 0.
Because 7 (r,r) = 7% (r,r), B will buy from S1 at price p; = r when ¢ = r.

It remains to demonstrate that w1 () > 7 (p1). To do so, it is sufficient to prove that:
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m(r) = mr—al > éni[pr —ca] = 7 (M) (39)

or equivalently:
[1-¢]la < r—9D1. (40)
From (37):

Therefore, (40) holds if:

[1-¢la < r-9¢ [7—@(7—@}
ny
= r—9T+6 2[Tor] = [1-9]T—(F-r)+0 2[7 1]
& o < T—Z:fb—l—qbZ—j[?—[] = /c\—l—qzﬁz—j{j:é} = c*. (41)

(41) holds because ¢; < ¢* by hypothesis.

Now suppose a separating PPBE exists in which B buys from S1 at price p; if and only
if 7 = r. Because beliefs must satisfy Bayes Rule along the equilibrium path, ¢, (p;) = 0
and ¢q(p1) = 1. Consequently, S2 will set p, = r if B buys from S1 at price p;, whereas S2
will set p, =7 if B does not buy from S1 at price p;.

B will buy from S2 if and only if p; < r. Therefore, B’s welfare if he buys from S1 at
price p; when r =T is:

T (P1,T) = n [T — pi]+m [T —r].
B’s welfare if he does not buy from S1 at price p; is:
5(P1,7) = na[T—T] = 0.
Therefore, B will not buy from S1 at price p; if and only if:

T — Pl 4ne[F—r] <0 & o >7F+2[F—r] > 7. (42)
ni

B’s welfare if he buys from S1 at price p; when r =1 is:
g (prr) = nilr —pil+n(r—r] = mlr —pl.

B’s welfare if he does not buy from S1 at price p; (and subsequently does not buy from S2
when she sets po = 7) is 0. Therefore, B will buy from S1 at price p; if and only if:

nifr—p] >0 < p <r. (43)

(43) provides a contradiction of (42). W

Theorem 11. Suppose c¢; > ¢ and ¢y > ¢. Then a pooling PPBE does not exist under
transparency.

Proof. Because ¢y > ¢ and S2’s beliefs must satisfy Bayes Rule along the equilibrium path,
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S2 will always set p, = 7 in any pooling PPBE. B will buy from 52 at this price if and only
if r =7, and so secures zero welfare from his interaction with S2.

First suppose B always buys from S1. Then the putative equilibrium price cannot exceed
r. Otherwise, B could increase his welfare by not buying from S1 when r = r. Therefore,
S1’s payoff in the putative equilibrium cannot exceed 7 () = ny [r — ¢1]. However, be-
cause ¢; > ¢, we have a contradiction: By setting p; = 7, S1 can increase her payoff to
oy [F—cr]>n[r—c )t

Now suppose B never buys from S1. Then the price S1 sets must exceed 7. Otherwise,
B would buy from S1 when r = 7. Therefore, S1’s payoff in the putative equilibrium is zero.
But because ¢; > ¢, we have a contradiction: By setting p; = 7, S1 can increase her payoff
to gbnl [F—Cl] >0. N

Setting 2B. ¢ > ¢, ¢ > ¢, and n; < ns.

Theorem 1 indicates that a separating PPBE does not exist under transparency in this
setting when ns > ny.

Theorem 11 indicates that a pooling PPBE does not exist under transparency in this
setting.

Observation. Theorems 1, 9, 10, and 11 imply that a PPBE does not exist in this setting if
ny > ny or if ny > ng and ¢; € (¢, ¢*). The unique PPBE when ¢; > ¢* > ¢ and ny > ny is
a separating PPBE in which S1sets py =7 — 72 [T — r].

~

Setting 3. ¢; < ¢ and ¢ < €.

Theorem 12. Suppose ¢; < ¢ and co < ¢. Then under transparency, a pooling PPBE exists
in which: (i) S1 sets r; (i) S2 sets r; and (iii) B always buys from both S1 and S2 at
these prices.

Proof. The following beliefs support the identified equilibrium actions: (i) ¢, (p1) =1 for

all p1 > r; (ii) ¢,,(p1) = ¢ forall p; < r; (iii) ¢y(p1) = ¢ for all p; > 7; and (iv)
¢o(p1) = 0 for all p; <T.

The proof proceeds by backward induction. We first prove that S2’s equilibrium action
is optimal, given his beliefs. Then we prove that B’s equilibrium actions are optimal, given
S2’s beliefs. Next we prove that S1’s equilibrium action is optimal. Finally, we verify that
S2’s beliefs satisfy Bayes Rule along the equilibrium path.

!This inequality holds because c; > ¢, by assumption.
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A. Prove that S2’s equilibrium action is optimal.

¢, (r) = ¢. Therefore, after B buys from S1 at price p; = r, S2 will maximize her
expected payoff by acting as she does under privacy. Claim 1 implies that because c; < ¢,
S2 will set py = .

¢o(r) = 0. Therefore, after B does not buy from S1 at price p; = r, S2 secures payoft:
(i) 0 if she sets ps > r; and (ii) ps — o if she sets py < r. Consequently, S2 will set p; = r.

B. Prove that B’s equilibrium actions are optimal.

Because the game ends following B’s interaction with S2, B maximizes his welfare by
buying from from 52 at price ps = r.

We now prove that B maximizes his payoff by buying from S1 at price p; = r.

First suppose r = 7. If B buys from S1 at price p; = r, S2 will set p, = r because
¢, (r)=¢ and c; < ¢. Therefore, B’s welfare is:

(1 =17T) = m[T—rl+m[r—r] = [n+n][T—r].

If B does not buy from S1 at price p; = r, S2 will set ps = r because ¢,(r) = 0. Therefore,
B’s welfare is: 0 : 3 3

T =1,7) = n[T—1r] < [m+n][7—1r].
Because 7'y (p1 = r,7) > 7%(p1 = r,7), B will buy from S1 at price p; = r when r = T.

Now suppose r = r. If B buys from S1 at price p; = r, S2 will set p, = r because
¢, (r)=¢ and c; < ¢. Therefore, B’s welfare is:

Tp(pr=r,r) = nmi[r—r|+nr—r] = 0.

If B does not buy from S1 at price p; = r, S2 will set p; = r because ¢,(r) = 0. Therefore,

B’s welfare is: o
g =1,1) = npr—r] = 0.

Because 1% (p; =r,r) = 74 (p1 =r,1), B will buy from S1 at price p; = r when r = r.

C. Prove that S1’s equilibrium action is optimal.

1. We begin by characterizing B’s optimal response to out-of-equilibrium prices by S1.
Result C1. When r =7, B optimally does not buy from S1 at any price p; > r and buys
from S1 at any price p; < r.

Proof. Initially suppose that S1 sets p; > 7. Because ¢, (p1) =1 for all p; > r, S2 will set
py =T if B buys from S1. Consequently, B’s welfare is:

’/T%l(pl,F) = nl[F—pl]—l—ng[F—F] = nl[F—pl] < 0

Because ¢y(p1) = ¢ for all p; > 7, if B does not buy from S1 at price p; > 7, S2 will set
pe = r (because ¢ < ¢, by assumption). Consequently, B’s welfare is:
W%(pl,F) = Ny [F —f] > 0.
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Because 7%(p1,7) > 73 (p1,7), B will not buy from S1 at price p; > T when r =T.

Next suppose that S1 sets p; € (r,7] and ny > ny. Because ¢, (p1) =1 for all p; > 1,
S2 will set po =7 if B buys from S1. Consequently, B’s welfare is:

T (p1,7) = m [T —p1]+me[T—T] = m[F —p1] < m[F —r].
Because ¢y(p1) =0 for all p; € (r,7], S2 will set py = r if B does not buy from S1 at price
p1 € (r,7]. Consequently, B’s expected payoff is:
(P, T) = no[T —1r] > m[F —r].

Because 7% (p1,7) > 7% (p1,7), B will not buy from S1 at price p; € (r,7] when r =7 and
Mo Z ni.

Next suppose that S1 sets p; € (r,7] and ny > ny. Because ¢, (p1) =1 for all p; > 1,
S2 will set po =7 if B buys from S1. Consequently, B’s welfare is:

g (p1,T) = m [T —pi]+ne[T—T] = ni [T —pu].

Because ¢y(p1) =0 for all p; € (r,7], S2 will set p, = r if B does not buy from S1 at

price p; € (r,7]. Consequently, B’s welfare is:
5 (p,T) = m[F—r] > m[F—p|] & pp>7F——[F—F] > r. (44)

Inequality (44) holds because p; > r by assumption in this case. Therefore, 7% (p;,7) >
7'y (p1,7 ), so B will not buy from S1 at price p; € (r,7] when r =7 and ny > ns.

Now suppose that S1 sets p; < r. Because ¢, (p1) = ¢ for all p; < r, S2 will set
pe = r if B buys from S1 (because ¢s < ¢). Therefore, if B buys from S1 at price p; < r,
his welfare is:

Ty (p1,7) = n [T —pi]+no[F —1r ] > [ng+ne][F —1].

Because ¢y(p1) = 0 for all p; < r, if B does not buy from S1 at price p; < r, S2 will set
py = r. Consequently, B’s welfare is:

(P, T) = ma [T —r] < [m+mn][F —r].

Because 7% (p1,7) > 7%(p1,7), B will buy from S1 at price p; > r when r = T.

Result C2. When r = r, B optimally does not buy from S1 at any p; > r and buys from
S1 at any p; <.

Proof. Initially suppose that S1 sets p; > 7. Because ¢, (p1) =1 for all p; > r, if B buys
from S1 at this price, he will subsequently not buy from S2 at price p = 7. Consequently,
his welfare is 7% (p1,7) = n1 [r —p1] < 0. Because ¢y(p1) = ¢ for all p; > 7, if B does
not buy from S1 at price p; > 7, S2 will set p, = r (because ¢y < ¢). Consequently, B’s
welfare is 7%(py,7) = na [r — r] = 0. Because 7%(p1,7) > 73 (p1,7), B will not buy from
S1 at any p; > 7 when r = r.

Next suppose that S1 sets p; € (r,7]. Because ¢, (p1) =1 for all p; > r, if B buys from
S1 at this price, he will subsequently not buy from 52 when she sets p, = 7. Consequently,
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B’s welfare is 73 (p1,7) = n1[r —p1] < 0. Because ¢y(p1) = 0 for all p; € (r,7], if B
does not buy from S1 at price p; € (r,7], S2 will set po = r. Consequently, B’s welfare is
7% (p1,1r) = ng [r —r] = 0. Because 7%(p1,7) > 74 (p1,7), B will not buy from S1 at any

p1 € (r,7] when r =r.

Now suppose that S1 sets p; < r. Because ¢, (p1) = ¢ for all p; < r, S2 will set
pa = r (because c3 < ¢) if B buys from S1 at price p; < r. Consequently, B’s welfare
is 5 (p1,r) = ni[r —p1] +na[r—1] > 0. Because ¢y(p1) = 0 for all p; < r, 52 will
set po = r if B does not buy from S1 at price p; < r. Consequently, B’s welfare is
7% (p1,r) = na[r—r] = 0. Because 7% (p1,7) > 7%(p1,r), B will buy from S1 at any
price p; < r when r =r.

2. We now prove that S1’s equilibrium action is optimal.
Because B always buys from S1 at p; = r, S1’s payof is:
mi(r) = m[r—cl] > 0.
Results C1 and C2 imply that B will not buy from S1 at any price p; > r. Consequently,
S1’s payoff is m1(p;) = 0 for all p; > r.

Results C1 and C2 imply that B will buy from S1 at any price p; < r. Consequently,
S1’s payoff when she sets p; < r is:

mi(p1) = mp —a) < mfr—al.

Therefore, S1 maximizes her payoff by setting p; = r.

D. Prove that S2’s beliefs satisfy Bayes Rule along the equilibrium path.

Pr(r =7 and B buys at p; = 1)
Pr( B buys at p; =r)

Pr(r=7|Bbuysat py=1) =

Pr(B buysat py=r|r=7) Pr(r=7)
Pr(B buys at p; =r|r =7) Pr(r =7) + Pr( B buys at p; =

)
1[6]+1[1— 9]

rlr=1)Pr(r=r)

= ¢ = ¢, (r) N

Corollary 13. Under the conditions specified in Theorem 12, B’s equilibrium welfare is the
same under transparency and under privacy.

Proof. Claim 1 implies that under privacy, S1 and S2 both charge r. Both sellers also charge
r under transparency. Furthermore, B always buys from S1 and from S2 in both settings.
Therefore, B’s equilibrium welfare in both settings is: (i) [n1 +ng| [T — r] > 0 when r = T;
and (ii) 0 whenr =r. W
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Corollary 14. Under the conditions specified in Theorem 12, S1 and S2 each secure the
same equilibrium payoff under transparency that it secures under privacy.

Proof. Claim 1 implies that under privacy, S1 and S2 both charge r. Both sellers also charge
r under transparency. Furthermore, B always buys from S1 and from S2 in both settings.
Therefore, Si’s equilibrium payoff in both regimes is n;[r —¢;] >0 fori=1,2. B

Theorem 13. Under the conditions specified in Theorem 12, the equilibrium identified in
the theorem 1is the unique pooling PPBE.

Proof. S1’s payoff is ny [r — ¢1] > 0 in the identified PPBE. S1’s payoff is 0 in any pooling
PPBE in which B never buys from S1 at any given price p;. S1’s payoff is less than ny [r — ¢4]
in any pooling PPBE in which B always buys from S1 at a price p; < r. Therefore, in any
alternative candidate pooling PPBE, B must always buy from S1 at price p; > r.

When r = r, B’s welfare if he buys from S1 at price p; > r is ni[r— p1] < 0. B’s
welfare is non-negative if he does not buy from S1 at this price. Because B will not always
buy from S1 at a price p; > r, the equilibrium in which S1 sets p; = r is the unique PPBE
under the specified conditions. W

Theorem 14. Suppose ¢; < ¢ and c3 < ¢. Then a separating PPBE does not exist under
transparency.

Proof. Initially suppose a separating PPBE exists in which B buys from S1 at price p;
if and only if » = 7. Because beliefs must satisfy Bayes Rule along the equilibrium path,
¢, (P1) = 1 and ¢y(p1) = 0. Consequently, S2 will set p, =7 if B buys from S1 at price
p1. S2 will set p, = r if B does not buy from S1 at price p;.

B will buy from S2 if and only if p; < r. Therefore, B’s welfare if he buys from S1 at
price p; when r =T is:
g (p1,T) = m[T—pi]l+ne[F=7T] = ni [T — pi].
B’s welfare if he does not buy from S1 at price p; is:
Tp(PLT) = n2 [T - r].
Therefore, B will buy from S1 at price p; if and only if:

nm[T—p1] > n[f—1r] & pp <7 —-—[F—r]. (45)
B’s welfare if he buys from S1 at price p; (and subsequently does not buy from S2 at
price p; = 7) when r = r is 75 (p1,1) = ny [r — p1]. B’s welfare if he does not buy from
S1 at price py is 7%5(p1,7) = no[r — 1 | = 0. Therefore, B will not buy from S1 at price p;
if and only if: _ _

n[r—p] <0 & p >r. (46)

This completes this part of the proof if ny > n; because (46) contradicts (45) in this case.
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Now suppose n; > ns. We will demonstrate that S1 secures a higher payoft by setting

p1 = r than by setting p1 € (r, 7 — 22 [T — r]] when n; > ny. We first show that B will

ni

always buy from S1 when she sets p; = r. Because ¢, (r) = ¢ and ¢, < ¢, 52 will set
pe = r if B buys from S1 at price p; = r. Because ¢y(r) = 0, S2 will set po = r if B does
not buy from S1 at price p; = r. Therefore, when r = 7, B’s welfare if he buys from S1 is:

Ty (r,7) = m[T—r]+n[F—1r] = [n1+n][F—r].
B’s corresponding payoff if he does not buy from S1 is:
0 (r,F) = ny[F— r].
Because 73 (r,7) > 7% (r,7), B will buy from S1 at price p; = r when r = 7.
When r = r, B’s welfare if he buys from S1 at price p; = r is:
g (rr) = mlr —r]l+nr —r] = 0.
B’s corresponding payoff if he does not buy from S1 is:
wy(r,r) = mar —r] = 0.
Because 73 (r,r) > 7%(r,r), B buys from S1 at p; =r when r = r.

We now establish that S1 will not set p; = p; under the specified conditions because S1
can earn a strictly higher payoff by setting p; = r. Because B always buys from S1 when
she sets p; = r under the specified conditions, S1’s payoff when she sets p; = r is:

m(r) = mr—cal] > ¢m[T—c] > ¢mi[pr—ci] = m (o).

The first inequality here reflects Claim 1 and the hypothesis that ¢; < ¢. The second
inequality reflects (45), which implies:

Now suppose a separating PPBE exists in which B buys from S1 at price p; if and only
if 7 = r. Because beliefs must satisfy Bayes Rule along the equilibrium path, ¢, (p1) =0
and ¢q(p1) = 1. Consequently, S2 will set po = r if B buys from S1 at price p;, whereas S2
will set p, =7 if B does not buy from S1 at price p;.

First suppose r = 7. B’s welfare if he buys from S1 at price p; is:
Ty (P1,T) = m [T —pi]+ne[T—r].
B’s welfare if he does not buy from S1 at price p; is:
o (p1,7) = ng[F—7] = 0.
Therefore, B will buy from S1 at price p; if and only if:

~ — n
mF—pl+n[r—r] >0 & p < 7+n—2[F—f].
1

Now suppose r = r. B’s welfare if he buys from S1 at price p; is:

W%I(ﬁlaf) = nl[f—ﬁ1]+n2[£—£] = n1[£—ﬁ1]-
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B’s welfare if he does not buy from S1 at price p; (and subsequently does not buy from S2
when she sets ps = 7) is 0. Therefore, B will buy from S1 at price p; if and only if:

nlr—ml >0 & p <r. (47)

(47) implies that in the postulated separating PPBE, S1’s price cannot exceed r if B is to
always buy from S1. However, B will always buy from S1 when p; < r under the specified
conditions. Therefore, the postulated separating PPBE cannot exist. B

Setting 4A. ¢; < ¢, ¢ > ¢,and ny > no.

Theorem 15. Suppose ny > ny, ¢1 < ¢, and cg > ¢. Then under transparency, a pooling
PPBE exists in which: (i) S1 sets py = r; (i1) S2 sets py = T; (ii1) B always buys from
S1; and () B buys from S2 if and only if r = T.

Proof. The beliefs that support the identified equilibrium actions are: (i) ¢, (p1) =1 for all

p1>1; (i) ¢o(pr) =0 for all py < 7; (i) ¢y(p1) = ¢ for all p; > 7; and (W) G, (P )
for all p; < r.

The proof proceeds by backward induction. We first prove that S2’s equilibrium action
is optimal, given her beliefs. Then we prove that B’s equilibrium actions are optimal, given
S2’s beliefs. Next we prove that S1’s equilibrium action is optimal. Finally, we verify that
S2’s beliefs satisfy Bayes Rule along the equilibrium path.

A. Prove that S2’s equilibrium action is optimal.

¢,,(r) = ¢. Therefore, because c; > ¢, S2 will set p, = 7 after B buys from S1 at
price p; = 1.

B. Prove that B’s equilibrium actions are optimal.

Because the game ends following B’s interaction with S2, B maximizes his welfare by
buying from S2 at price p, =7 if and only if r = 7.

We now prove that B maximizes his welfare by always buying from S1 at price p; =r.

First suppose » = 7. If B buys from S1 at price p; = r, S2 will set p, = T because
¢,,(r) = ¢ and c; > ¢. Therefore, B’s welfare is:
T (p1,T) = m[F—r]+n[F—T] = n[T—r].

If B does not buy from S1 at price p; = r, S2 will set ps = r because ¢y(r) = 0. Therefore,
B’s welfare is:

mp(p1,T) = na[T—r] < ny[F—r].
Because 7% (p1,7) > 7©%(p1,7), B will buy from S1 at price p; = r when r = 7.

Now suppose r = r. If B buys from S1 at price p; = r, S2 will set ps = 7 because
¢, (r) =¢and c; > ¢. B will not buy from 52 at this price. Consequently, B’s welfare is:

g (py,r) = [r—r] = 0.
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If B does not buy from S1 when she sets p; = r, S2 will set po = r because ¢,(r) = 0.

Therefore, B’s welfare is: 0
mp(p1,r) = na[r—r] = 0.

Because 7%(py,r) = 74 (p1,7), B will buy from S1 at price p; = r when r = r.

C. Prove that S1’s equilibrium action is optimal.

1. We begin by characterizing B’s optimal response to out-of-equilibrium prices by S1.

Result C1. When 7 =7, B optimally does not buy from S1ifpy > p1r =7 — 22 [7 — 1]
and buys from S1 if p; < py.

Proof. Initially suppose that S1 sets p; > 7. Because ¢, (p1) = 1 for all p; > r, S2 will
set po =7 if B buys from S1. Consequently, B’s welfare is:

7'('%1(]?1,7) = nl[F—pl]—l—ng[F—F] = n1[7_"—p1] < O

Because ¢,(p1) = ¢ for all p; > 7, if B does not buy from S1 at price p; > 7, S2 will set
pe = T (because ¢ > ¢). Consequently, B’s welfare is:

W%(Plf) =ny[T—T] = 0.
Because 7% (p1,7) > 74 (p1,7), B will not buy from S1 at price p; > 7 when r = 7.

Next suppose that S1 sets p; € (p1,7]. Because ¢, (p1) =1 for all p; > r, S2 will set
py =T if B buys from S1. Consequently, B’s welfare is:

Ty (1, 7) = M [F —pi|+n[T—TF| = m [T —p1] < [T —p1] = na[F— r].

Because ¢y(p1) =0 for all py < 7, if B does not buy from S1 at price p; € (p1,7], 52 will
set ps = r. Consequently, B’s welfare is:

mp(p1,7) = na[F— 1]
Because m%(p1,7) > 7 (p1,7), B will not buy from S1 at any p; € (py,7] when r = 7.

Next suppose that S1 sets p; € (r,p1]. Because ¢, (p1) =1 for all p; > r, S2 will set
po =T if B buys from S1. Consequently, B’s welfare is:

].

Because ¢y(p1) =0 for all p; < 7, if B does not buy from S1 at price p; € (r,p1], S2 will
set po = r. Consequently, B’s welfare is:

Ty (p1,T) = m [T —pi]+no[T—T] > n[F —p1] = na[F—

1=

my(p1,T) = ng [T —1].
Because 77 (p1,7) > 7%5(p1,7), B will buy from S1 at any p; € (7,p;] when r = T.

Now suppose that S1 sets p; < r. Because ¢, (p1) = ¢ for all p; < r, if B buys from
S1, 52 will set po =7 (because ¢; > ¢). Therefore, if B buys from S1, his payoff is:

Ty (p1,7) = [T —p1]+ng[F—T] > ny [T—1].

Because ¢y(p1) = 0 for all p; < 7, if B does not buy from S1 at price p; < r, S2 will set
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p2 = r. Consequently, B’s welfare is:
5 (p,T) = ma[T— 1] < ni[r—T7].

Because 77 (p1,7) > 7%(p1,7), B will buy from S1 at price p; < r when r = 7.

Result C2. When r = r, B optimally: (i) buys from S1 whenever p; < r; and (ii) does
not buy from S1 whenever p; > r.

Proof. Initially suppose that S1 sets p; > 7. Because ¢, (p1) =1 for all p; > r, if B buys
from S1 at this price, he will subsequently not buy from 52 at price p, = 7. Consequently,
B’s welfare is 7'y (p1,1) = ny[r —p1] < 0. Because ¢y(p1) = ¢ for all p; > 7, if B does
not buy from S1 at price p; > 7, S2 will set p, =T (because ¢ > ¢). B will not buy from
S2 at this price, so B’s welfare is 7% (p1, ) = 0. Because 7% (p1,1) > 7% (p1,7), B will not
buy from S1 at price p; > 7 when r =r.

Next suppose that S1 sets p; € (r,7). Because ¢, (p1) = 1 for all p; > r, if B buys
from S1 at this price, he will subsequently not buy from S2 at price p, = 7. Consequently,
B’s welfare is 75 (p1,17) = n1 [r — p1] < 0. Because ¢y(p1) =0 for all p; € (r,7), if B does
not buy from S1, S2 will set p, = r. Consequently, B’s welfare is 7% (p1,1) = na [r — 1] = 0.
Because 7% (py, 1) > 75 (p1,7), B will not buy from S1 when she sets any price p; € (r,7)
when r =r.

Now suppose that S1 sets p; < r. Because ¢, (p1) = ¢ for all p; < r, if B buys
from S1 at this price, he will subsequently not buy from S2 at price p, = 7. (Recall
co > ¢). Consequently, B’s welfare is 7'y (p1,r) = n1 [r — p1] > 0. Because ¢y(p1) = 0 for
all p; < 7, if B does not buy from S1, S2 will set p, = r. Consequently, B’s welfare is
7%(p1,r) = na[r —r] = 0. Because 7% (p1,7) > 7%(p1,7), B will buy from S1 at price
py>1r whenr=r. [0

2. We now prove that S1’s equilibrium action is optimal.
When S1 sets p; = r, B always buys from S1. Consequently, S1’s payoff is:
m(r) = n[r —c¢] > 0.

Results C1 and C2 imply that B will not buy from S1 at price p; > p;. Consequently,
S1’s payoft is m1(p1) = 0 for all p; > py.

Results C1 and C2 imply that if S1 sets p; € (r,p1], B will buy from S1 if r = 7 and
not buy from S1 if r = r. Consequently, S1’s payoff from setting p; € (r,p; | is:

mi(p1) = dnipr—ca] < om[T—ea] < mfr —al.

The strict inequality here holds because p; < 7. The weak inequality follows from Claim 1
and the maintained assumption that ¢; < ¢.

Results C1 and C2 imply that S1’s payoff from setting p; < r is:
mp1) = nip—al < n[r —eal.

Therefore, S1 maximizes her payoff by setting p; = r.
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D. Prove that S2’s beliefs satisfy Bayes Rule along the equilibrium path.

Pr(r =7 and B buys at r)
Pr(B buys at r)

Pr(r=7|B buys at r) =
Pr(Bbuysatr|r=7) Pr(r=7)
Pr(Bbuysatr|r=7)Pr(r=7)+Pr(Bbuysatr|r=r)Pr(r=r)

_1[g]
1[6]+1[1— 9]

= ¢ = ¢,(r) N

Corollary 15. Under the conditions specified in Theorem 15, transparency does not alter
B’s equilibrium welfare or the equilibrium payoffs of S1 or S2.

Proof. From Claim 1 and Theorem 15, equilibrium behavior is identical in the two regimes:
S1 sets py = r; S2 sets py = T; B always buys from S1 at price p; = r; and B buys from
S2 at price py =T ifand only if r=7. W

Theorem 16. Under the conditions specified in Theorem 15, the equilibrium identified in
the theorem 1is the unique pooling PPBE.

Proof. S1’s payoff is ny [r — ¢1] > 0 in the identified pooling PPBE. S1’s payoff is 0 in
any pooling PPBE in which B never buys from S1. S1’s payoff is also less than ny [r — ¢]
in any pooling PPBE in which B always buys from S1 at price p; < r. Therefore, in any
alternative candidate pooling PPBE, B must always buy from S1 at a price p; > r.

When r = r, B’s welfare if he buys from S1 at price p; > r is ny[r —p1] < 0. B’s
welfare is non-negative if he does not buy from S1 at this price. Because B will not always
buy from S1 when she sets p; > r, the equilibrium in which S1 sets p; = r is the unique
pooling PPBE under the specified conditions. W

Theorem 17. Suppose ¢y < ¢ and ¢y > ¢. Then a separating PPBE does not exist under
transparency.

Proof. Initially suppose a separating PPBE exists in which B buys from S1 at price p;
if and only if r = 7. Because beliefs must satisfy Bayes Rule along the equilibrium path,
¢, (p1) = 1 and ¢y(p1) = 0. Consequently, S2 will set p, = 7 if B buys from S1 at price
p1, whereas S2 will set p, = r if B does not buy from S1 when she sets price p;.

B will buy from S2 if and only if p; < r. Therefore, B’s welfare if he buys from S1 at
price p; when r =T is:
T (P1LT) = n[T—pi]+ne[T—T] = ni[T—p1]. (4:2



B’s welfare if he does not buy from S1 at price p; is:
(P, 7) = nao[F— 1. (49)
(48) and (49) imply that B will buy from S1 at p; if and only if:

n[F—p1| > no[T—1] & pp <7 ——[F—r]. (50)
B’s welfare if he buys from S1 at price p; (and subsequently does not buy from 52 at
price ps = 7) when r = r is:
Ty (P1,r) = nu[r— pi]. (51)
B’s welfare if he does not buy from S1 at price p; is:
mp(bLr) = ma[r—r] = 0. (52)
(51) and (52) imply that B will not buy from S1 at p; if and only if:
nmlr—p) <0 & p >r. (53)
(53) provides a contradiction of (50) when ny > n;.

We now demonstrate that S1 earns a higher payoff by setting p; = r than by setting

p1 € (r,T—22[7 — r|| when ny > ny (and hence, p; < 7). We first show that B will always

1

buy from S1 at price p; = r. Because ¢, (r) = ¢ and c; > ¢, 52 will set p, =7 if B buys
from S1 at price p; = r. Because ¢,(r) = 0, S2 will set po = r if B does not buy from S1
at price p; = r. Therefore, when r = 7, B’s welfare if he buys from S1 at this price is:

T (r,T) = m [T —r]l4+n [T —r] = [ni+n][T —r].
B’s corresponding welfare if he does not buy from S1 at this price is:
0 (r,F) = ny[F — 1].
Because 7 (r,7) > 7% (r,7), B will buy from S1 at price p; = r when r = 7.

When r = r, B’s welfare if he buys from S1 at price p; = r (and subsequently does not
buy from S2 at price ps =T) is:

Tg(rr) = mf[r —r] = 0.
B’s corresponding welfare if he does not buy from S1 at this price is:
ny(r,r) = malr —r] = 0.
Because 73 (r,r) > 7%(r,r), B will buy from S1 at price p; = r when r =r.

We now demonstrate that S1 secures a higher payoff by setting p; = r than by setting
p1 = p1. Because B always buys from S1 when she sets p; = rpj, S1 secures payoff
w1 (r) =ny[r — ¢] if she sets p; = r. If S1 sets p; = p1, she secures payoft:

m(p1) = dm(p —al < o [T —a] < mr—al = m(r).

The strict inequality here holds because p; < 7. The weak inequality reflects Claim 1 and
the maintained assumption that ¢; < ¢.
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Now suppose a separating PPBE exists in which B buys from S1 at price p; if and only
if 7 = r. Because beliefs must satisfy Bayes Rule along the equilibrium path, ¢, (p1) =0
and ¢q(p1) = 1. Consequently, S2 will set p, = r if B buys from S1 at price p;, whereas S2
will set p, =7 if B does not buy from S1 at price p;.

B will buy from S2 if and only if py < r. Therefore, B’s welfare if he buys from S1 at
price p; when r =T is:

Ty (P1,7) = ni [T — p1] +no [T — 1],
B’s welfare if he does not buy from S1 at price p; when r = 7 is:
(P, T) = na[F—7]= 0.

Therefore, B will buy from S1 at price p; when r = 7 if and only if:

~ _ n
|7 —p)+m[f—r] >0 < pléF—n—Q[F—f]. (54)
1
B’s welfare if he buys from S1 at price p; when r = r is:
8 (p,r) = nifr —pi]+nefr—r] = nir —pi].

B’s welfare if he does not buy from S1 at price p; (and subsequently buys from S2 at price
pe = 1) when r = r is 0. Therefore, B will not buy from S1 at price p; when r = r if and
only if mlr—p] <0 & B >r. (55)
(55) implies that in the postulated separating PPBE, B will not buy from S1 at any price
above r when r = r. (54) implies that when r = 7, B will buy from S1 when she sets a
price above r. Therefore, the postulated separating PPBE cannot exist. W

~

Setting 4B. ¢; < ¢, ¢ > ¢, and n; < ny.

Observe that Theorem 17 holds both in Setting 4A and in Setting 4B.

Theorem 18. Suppose ¢; < ¢, ¢y > ¢, and ny < no. Further suppose a pooling PPBE
exists under transparency.> Then this equilibrium is the one specified in Theorem 15.

Proof. The proof is identical to the proof of Theorem 16. W

2Tt can be shown that, under the conditions specified in Theorem 18, a pooling PPBE exists (does not exist)
if out-of-equilibrium beliefs are passive (if ¢o(r) = 0).
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II. Proofs of Propositions in the Text

Propositions 1 — 7 follow directly from Theorems 1 — 18 above. Propositions 8 and 9
consider settings where price discrimination is not permitted and r € {r,7} for each of the
N consumers. Proposition 8 follows from Conclusions 1 and 2 below.

Conclusion 1. Suppose a separating PPBE arises for a sophisticated consumer in the
absence of privacy when price discrimination is permitted. Then in the absence of privacy
in the large numbers setting, a ban on price discrimination: (i) increases the welfare of

unsophisticated consumers with v = T; and (i) does not otherwise affect consumer welfare.

Proof. Lemma 5 in the paper implies that ny > ng, ¢4 > ¢* (> ¢), and ¢ < ¢ in the present
setting.

First consider merchant interactions with sophisticated consumers. Lemma 5 in the paper
implies that when price discrimination is permitted in the present setting, Merchant 1 (S1)
sets p1 = p1 € (r,T) for a sophisticated consumer, and Merchant 2 (S2) sets po = T (p2 = 1)
for a sophisticated consumer who buys (does not buy) S1’s product. Recall from equation
(1) in the paper that p; is determined by:

[T—p1]m = [F—1]|ns. (56)

A sophisticated consumer with » = 7 buys the products of both merchants and secures
payoft:
[F—ﬁl]nl—i-[?_“—ﬂng :[F—ﬁl]nl. (57)

A sophisticated consumer with » = r buys only S2’s product and secures payoff:
[r=p1]0+[r—r]ne = 0. (58)
Now suppose price discrimination is prohibited. In this case, S1 sets p; = 7 for all
consumers (because ¢; > ¢) and S2 sets po = r for all consumers (because ¢a < ©).

A sophisticated consumer with » = 7 buys the products of both merchants and secures
payoft:
[F=Tlm+[T—rlny = [T—r]ny. (59)

A sophisticated consumer with » = r buys only S2’s product and secures payoff:

[r—

(56), (57), and (59) imply that a ban on price discrimination does not affect the welfare of
sophisticated consumers with r = 7. (58) and (60) imply that a ban on price discrimination
does not affect the welfare of sophisticated consumers with » = r.

0+ [r—r]ny = 0. (60)

Iﬂ
*BI

Now consider merchant interactions with unsophisticated consumers. Because ¢; > €,
S1 sets p; = 7 for an unsophisticated consumer and the consumer buys her product if and
only if his reservation value is 7. Consequently, S2 learns the true reservation value of each

unsophisticated consumer.
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Casel. ¢; > ¢ and ¢y > C.

When price discrimination is permitted in this case, S2 sets ps to eliminate the surplus
of each unsophisticated consumer. When price discrimination is not permitted in this case,
Merchant 2 sets p, = 7 for all consumers (because ¢; > ¢). Consequently, a consumer buys
S2’s product if and only if p; = 7, so each consumer derives payoff 0 from his interaction
with S2. Therefore, each consumer secures the same welfare whether price discrimination is
permitted or banned.

~

Case 2. ¢; > ¢ and ¢y < C.

When price discrimination is permitted in this case, S2 sets ps to eliminate the surplus
of each unsophisticated consumer. When price discrimination is not permitted in this case,
Merchant 2 sets p; = r for all consumers (because co < ¢). Consequently, all consumers
buy S2’s product. Each consumer with r = 7 secures strictly positive welfare ([T — r | ns)
from his interaction with S2. Therefore, a ban on price discrimination increases the welfare
of unsophisticated consumers with » = 7 and does not change the welfare of unsophisticated
consumers with r=r. W

Conclusion 2. Suppose a pooling PPBE arises for a sophisticated consumer in the absence
of privacy when price discrimination is permitted. Then in the absence of privacy in the
large numbers setting, a ban on price discrimination: (i) reduces the welfare of sophisticated
consumers with r = T when ¢, > ¢; (ii) increases the welfare of unsophisticated consumers

with 1 =T when ¢y > ¢ and ¢y < ¢; and (iii) otherwise does not affect consumer welfare.

Proof. The conclusion is proved by considering Case A and Case B.

Case A. Merchants interact with sophisticated consumers.
There are three sub-cases to consider.
Case Al. n; < nas.

The discussion in the text explains why the only PPBE that arises when n; < ny is the
pooling equilibrium in which S1 sets p; = r.

First suppose ¢ < ¢. Then when price discrimination is permitted, S1 sets p; = r for
sophisticated consumers in the postulated pooling equilibrium. Because all such consumers
buy S1’s product at this price, S2 sets p, = r for sophisticated consumers (since ¢y < ©).
Therefore, each sophisticated consumer buys both merchants’ products and secures payoft:

(i) [T—=r][n1 +n2] when r =7; and (ii) 0 when r = r. (61)

Now suppose ¢ > ¢. Then when price discrimination is permitted, S1 sets p; = r for
sophisticated consumers in the postulated pooling equilibrium. Because all such consumers
buy S1’s product at this price, S2 sets p, = T for sophisticated consumers (since ¢y > ).
Therefore, a sophisticated consumer with » = 7 buys both merchants’ products whereas a
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sophisticated consumer with » = r only purchases S1’s product. A sophisticated consumer
thereby secures payoft:

(i) [T—r]ny when r = 7; and (ii) 0 when r = r. (62)

When price discrimination is not permitted, Merchant i € {1,2} sets: (i) p; = r when
¢; < ¢;and (ii) p; = 7 when ¢; > ¢. Therefore, a consumer with » = r secures payoff 0
whereas a consumer with » = 7 secures payoft:

(i) [T—=r][n1 +mn2] when ¢; < ¢ and ¢ < ©;

(i) [F—r]m when ¢ < ¢ and ¢y > C;
(iii) [T —r]ne when ¢; > ¢ and ¢ < ¢; and
(iv) 0 when ¢ > ¢ and ¢p > ©. (63)

(61) — (63) imply that a ban on price discrimination does not affect the welfare of sophis-
ticated consumers with » = r. (61) and (63) also imply that for sophisticated consumers
with 7 = 7, a ban on price discrimination: (i) does not affect their welfare when ¢; < ¢; and
(ii) reduces their welfare when ¢; > ¢.

Case A2. ny > ny and ¢ > ¢.

When price discrimination is permitted, S1 sets p; = r for sophisticated consumers in the
postulated pooling equilibrium. Because all sophisticated consumers buy S1’s product at this
price, S2 sets po = T for sophisticated consumers (since ¢; > ¢). Therefore, a sophisticated
consumer’s welfare is 0 when r = r, whereas the consumer’s welfare is [7 —r|n; when
r=Tr.

When price discrimination is not permitted, S1 sets price: (i) p; = r if ¢; < ¢; and (ii)
p1 = T if ¢; > €. S2 sets p = T because ¢c; > ¢. Therefore, a consumer’s payoff is 0 if
r = r, whereas the consumer’s payoff when r = 7 is:

(i) [T —r] ny when ¢; < ¢; and (ii) 0 when ¢ > €.

Consequently, a ban on price discrimination does not affect the welfare of sophisticated
consumers with r = r. For sophisticated consumers with » = 7, the ban: (i) does not affect
their welfare when ¢; < ¢; and (ii) reduces their welfare when ¢; > €.

Case A3. n; > ny and ¢ < C.

When price discrimination is permitted, S1 sets p; = r for sophisticated consumers in
the postulated pooling equilibrium. Because all sophisticated consumers buy S1’s product
at this price, S2 sets ps = r for sophisticated consumers (since co < ¢). Therefore, the
payoff of a sophisticated consumer is: (i) 0if r = r; and (ii) [F —r][ng +no] if r= 7.

When price discrimination is not permitted, S1 sets price: (i) p; = r if ¢; < ¢; and (ii)
pp = T if ¢y > ¢. S2 sets p, = r because ¢o < ¢. Therefore, a consumer’s payoff is 0 if
r = r, whereas the consumer’s payoff if r = 7 is:
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(i) [F—r][n1+n2] when ¢; < ¢; and (ii) [T —r]ne when ¢, > €.

Consequently, a ban on price discrimination does not affect the welfare of a sophisticated
consumer with » = r. For sophisticated consumers with » = 7, the ban: (i) does not affect
their welfare when ¢; < ¢; and (ii) reduces their welfare when ¢; > €.

Case B. Merchants interact with unsophisticated consumers.

First suppose ¢; < ¢. Then S1 sets p; = r for unsophisticated consumers both when
price discrimination is permitted and when it is not permitted. Because all unsophisticated
consumers buy S1’s product at this price, S2 learns nothing about the reservation value of any
unsophisticated consumer. Therefore, S2 sets the same price for unsophisticated consumers
whether price discrimination is permitted or banned, so such a ban does not affect their
welfare.

Now suppose ¢; > ¢. In this case, S1 sets p; = 7 for unsophisticated consumers, and
such a consumer buys her product if and only if his reservation value is 7. Consequently, S2
learns the true reservation value of each unsophisticated consumer.

Case B1. ¢; > ¢ and ¢, > C.

When price discrimination is permitted in this case, S2 sets py to eliminate the surplus
of each unsophisticated consumer. When price discrimination is not permitted in this case,
Merchant 2 sets po = T for all consumers (because ¢; > ¢). Consequently, a consumer buys
S2’s product if and only if p; = 7, so each consumer derives payoff 0 from his interaction
with S2. Therefore, each unsophisticated consumer secures the same payoff whether price
discrimination is permitted or banned.

Case B2. ¢; > ¢ and ¢y < C.

When price discrimination is permitted in this case, S2 sets py to eliminate the surplus
of each unsophisticated consumer. When price discrimination is not permitted in this case,
Merchant 2 sets ps = r for all consumers (because co < ¢). Consequently, all consumers buy
S2’s product. Each consumer with » = 7 secures a strictly positive payoff ([7 — r | ny) from
his interaction with S2. Therefore, a ban on price discrimination increases the welfare of an
unsophisticated consumer with » = 7 and does not change the welfare of an unsophisticated
consumer with r = r. W

Proposition 9 follows from Conclusions 3 and 4 below.

Conclusion 3. Under the conditions specified in Conclusion 1, a ban on price discrimina-
tion: (i) reduces the total welfare from transactions with unsophisticated consumers when

r=r1 and ¢y > ¢; and (ii) otherwise does not affect total welfare.

Proof. First consider the total welfare from transactions with sophisticated consumers in
the setting of Conclusion 1. The proof of the Conclusion establishes that a sophisticated
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consumer with » = 7 purchases the products of S1 and S2 both when price discrimination is
permitted and when it is prohibited. Consequently, the total welfare from transactions with
a sophisticated consumer with » = 7 in both cases in this setting is [7 — ¢ |y + [T — ¢ ] na.

The proof of the Conclusion also establishes that a sophisticated consumer with r = r
only purchases S2’s product, both when price discrimination is permitted and when it is
prohibited. Consequently, the total welfare from transactions with a sophisticated consumer
with 7 = r in both cases in this setting is [r — ¢3 | ns. Therefore, a ban on price discrimina-
tion does not affect the total welfare from transactions with sophisticated consumers in the
setting of Conclusion 1.

Now consider total welfare from transactions with unsophisticated consumers in the set-
ting of Conclusion 1. Recall from the proof of the Conclusion that when price discrimination
is permitted in this setting, S1 sets p; = 7 for unsophisticated consumers and S2 sets p, to
eliminate the surplus of each unsophisticated consumer. Total welfare from the transactions
with an unsophisticated consumer in this case is:

(i) [F—a]m+[T —c]ny when r = T;

(i) [r —ca]ne when r = r. (64)

When price discrimination is not permitted in the setting of Conclusion 1, S1 sets p; = 7
(because ¢; > ¢). S2 sets: (i) po = T if ¢a > €; and (ii) po = r if co < €. Therefore, the
total welfare from the transactions of an unsophisticated consumer in this case is:

(i) [F—ci]n+ [T —cy]ne when r = 7;
(il) [r —ca]ne when r = r and ¢; < ¢; and
(iii) O when 7 = r and ¢ > €. (65)

(64) and (65) imply that a ban on price discrimination in this setting: (i) reduces the
total welfare from transactions with unsophisticated consumers if » = r and ¢y > ¢; and
(ii) otherwise does not affect this total welfare. W

Conclusion 4. Under the conditions specified in Conclusion 2, a ban on price discrimina-
tion: (i) reduces the total welfare from transactions with sophisticated consumers when r = r
and ¢y > ¢; (i) reduces the total welfare from transactions with unsophisticated consumers

whenr =1, c; > ¢, and c3 > ¢; and (i) otherwise does not affect total welfare.

Proof. First consider the total welfare from transactions with sophisticated consumers in
the setting of Conclusion 2. A sophisticated consumer always purchases both merchants’
products when r = 7 in this setting. Therefore, the total welfare from the transactions of
a sophisticated consumer with r = 7 is [T — ¢; | ny + [T — ¢z ] ny in this setting, both when
price discrimination is permitted and when it is prohibited.

Now consider each of Cases A1 — A3 in the proof of Conclusion 2. In Case Al, when
price discrimination is permitted: (i) S1 sets price p; = r for sophisticated consumers; and
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(ii) S2 sets po = r (pa = T) when ¢y < ¢ (cp > ©) for these consumers. Therefore, when
price discrimination is permitted in Case 1, the total welfare from the transactions of a
sophisticated consumer with r» = r is:

(i) [r —c]mi+[r —c2]ny when ¢ < €; and
i) [r—a]m when ¢, > €. (66

)

When price discrimination is not permitted, Mi sets p; = r (p; = 7) when ¢; < ¢ (¢; > ¢)

for i € {1,2}. Therefore, the total welfare from the transactions of a consumer with r = r
is:

(i) [r —c|ni+[r —ca]ne when ¢ < ¢ and ¢y < T

(i) [r—calm when ¢; < ¢ and ¢ > €;
(iii) [r —e2]ng when ¢; > ¢ and ¢ < €; and
(iv) 0 when ¢; > ¢ and ¢ > €. (67)

(66) and (67) imply that for a sophisticated consumer with = r, a ban on price discrimi-
nation in Case Al: (i) does not affect the total welfare from his transactions when ¢; < ¢;
and (ii) reduces this total welfare when ¢; > €.

In Case A2, when price discrimination is permitted: (i) S1 sets price p; = r for sophisti-
cated consumers; and (ii) S2 sets p, = T for these consumers (because c; > ¢). Therefore, the
total welfare from the transactions of a sophisticated consumer with » = r is [r —¢;|n;.
(67) implies that the corresponding total welfare when r = r and price discrimination is not
permitted in this case is: (i) [r — ¢;1]n; when ¢; < €; and (ii) 0 when ¢; > ¢. Therefore,
when r = r, a ban on price discrimination: (i) does not affect the total welfare from the
transactions of a sophisticated consumer when ¢; < ¢; and (ii) reduces this total welfare
when ¢; > ¢.

In Case A3, when price discrimination is permitted, S1 and S2 both set price r for
sophisticated consumers. Therefore, the total welfare from the transactions of a sophisticated
consumer with r = r is [r — ¢ ]ny + [r — c2]ng. (67) implies that the corresponding
total welfare when r = r and price discrimination is not permitted in this case is: (i)
[r —ci|ny + [r —celny when ¢; < ¢; and (ii) [r — c2]ny when ¢ > ¢. Therefore,
when r = r, a ban on price discrimination: (i) does not affect the total welfare from the
transactions of a sophisticated consumer when ¢; < ¢; and (ii) reduces this total welfare
when ¢; > .

Finally, consider total welfare from transactions with unsophisticated consumers in the
setting of Conclusion 2. The proof of the Conclusion establishes that when ¢; < ¢, the
merchants set the same prices for unsophisticated consumers whether price discrimination is
permitted or prohibited. Therefore, the total welfare from transactions with unsophisticated
consumers is the same in both cases.

In Cases Bl and B2 (where ¢; > ¢), S1 sets p; = 7 for unsophisticated consumers and
S2 sets her prices to fully extract the rent of these consumers when price discrimination is
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permitted. Therefore, the total welfare from the transactions of an unsophisticated consumer
when price discrimination is permitted in this case is:

(i) [F —c]ni+ [T —ca]ne when r = 7; and

(i) [r —ca|ne when r = r. (68)
If price discrimination is not permitted in Cases Bl and B2, S1 sets p; = 7 (because
c1 > C). S2 sets price: (i) po = 7 when ¢ > ¢; and (ii) p, = r when ¢y < ¢. Therefore,
the total welfare from the transactions of each consumer in this case is:
(i) [T —c1]ni+[F —ca]ng when r = 7;
(il) [r —co]ne when r = r and ¢ < ¢; and
(iii) 0 when r = r and ¢y > €. (69)

(68) and (69) imply that a ban on price discrimination in Cases Bl and B2 (where
¢ > ¢): (i) reduces the total welfare from transactions with unsophisticated consumers
when r = r and ¢y > ¢; and (ii) does not affect this total welfare otherwise. W

ITI. Model Extensions

This section considers the extensions discussed in Section 6 of the paper. Section A
considers a setting where sophisticated and unsophisticated consumers are both present si-
multaneously, and merchants cannot distinguish between sophisticated and unsophisticated
consumers. Section B considers a setting where consumer demands for the merchants’ prod-
ucts are non-binary.

A. Incomplete Information about Consumer Sophistication.

Suppose a fraction « € [0,1] of the N consumers are sophisticated, whereas the remain-
ing fraction are unsophisticated. Merchants cannot observe directly whether a consumer is
sophisticated or unsophisticated. As in the paper: (i) a generic consumer purchases either
0 or n; units from Merchant (Seller) i (Si), i € {1,2}; and (ii) a generic consumer interacts
with S1 before interacting with S2. The present analysis considers the setting where ny > ns,
each consumer’s reservation value (r) is is either r or 7, and ¢ is the probability that r =7
for each consumer.

The ensuing analysis employs the following definitions.

l.¢c = F—f:i.
2 ¢ = e+om |2
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ny —

4. o1y = é[mr—i—(a—@)ﬂ < r when a < 2.

5. EQ = Eli(ﬁ(zf <r.
~ _ r—¢[l—alF
6. 1 = m <7r.
[1-9¢]32
* ny ng
7. « T2 <

ni

The inequalities in definitions 4, 5, 6, and 7 hold because:

n No | _ N2 na
= —T+{a——}7’<o¢£ = {——a > ——a}[,
nq nq nq n1
Co < T & r—o¢7 < r[l—¢] & o¢r < ¢oF & r < T;
g <r e r—9¢[l—-a]f <r[l—-¢(l—-a)l
& ¢ll—alr < ¢[l—a]7 & r < F7; and
1— ¢z 2
o™ oo BT e o e (N
ny 1 ¢n—i ny ny M ny nq 1

Finding 1. Suppose o > o, ¢; € (¢*,c1), and c3 < ¢3. Then in the absence of privacy,
there exists a separating equilibrium in which S1 sets price p1 = p; for the generic consumer.
The consumer purchases ny units of S1’s product at this price if and only if his reservation
value is v = 7. S2 sets price ps = T if the consumer purchases S1’s product and otherwise

charges price po = r. The consumer always buys ny units from S2.

Proof. The optimality of the consumer’s behavior and S2’s behavior follows from the de-
finition of p;. Therefore, it suffices to demonstrate that S1 will set price p;. To induce a
sophisticated consumer with reservation value r = 7 to purchase S1’s product when ¢y < ¢s,
S1 must reduce p; to p;, where:

_ ~ D) ng . _ _
nm[T—p1] =n[T—1r] & pp = —r+[1—-——]F € (r,7). (70)
ny ny
If S1 sets price p1 = p1 (< T), she sells her product to all consumers with reservation
value r = 7, and secures payoff:

mP) = No[pr—a] = N¢{@z+(1—@>f—q]. (71)

ny ny
44



If S1 sets price r, she sells her product to all consumers and secures payoft:

m(r) = Nr—a]l. (72)

If S1 sets price 7, she sells her product to unsophisticated consumers with reservation
value r = 7 and secures payoft:

m(F) = N[1—a]é[F—a]. (73)
(71) and (73) imply:
mp) > m(7) < Ngb[Z—jz—I—(l—Z—j)F—cl} > N[1-alé[F-a]

& Z—ir—i—[l—Z—i]r—cl > [1-al[F—a]

& ac < Z—irjt{l—n—j—(l—a)}F

S o < E[Z—?r (a—Z—?)r] = ciy. (74)

(71) and (72) imply:

n@) > mr) o N¢[%z+(1—@)r~—q} > N[r—a]

The equality in (75) holds because:

o wers[125] - r- 1t een ]

The condition in (75) is feasible because:
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C<r oo {1—¢—][—¢{1—@}? <[1-¢]r

ni

& gb[l—@

ni

r <o

ni

n
1——2% s r < T.

(74) and (75) imply that S1 strictly prefers to set p; = p; than to set p; = r or
pp = 7 if and only if ¢; € (¢*, 1y ). Furthermore, it is readily verified that m(p;) <
max {mi(r), m(p1), m1(7)} for all p1 € (r,7), p1 # pr.°

To ensure ¢* < ¢y, it must be the case that:

1 No Nng | _ 1
e AR Ea e L

o fafi-o2]-n-a2hr 2 fafi-s2]-n-a2

This inequality holds if and only if:

a[1—¢@]—[1—¢]@ >0 < a > k] (76)

1 ny - 1 — qb Z—?
The optimality of p; follows from (74), (75), and (76). W

B. The Setting with Non-Binary Demand.

We now establish that the existence of a profit-maximizing price for S1, p; € (r,7), that
induces a sophisticated consumer to buy S1’s product if and only if » = 7 is not an artifact
of binary consumer demand. To do so, let n; be the maximum number of units a consumer
will purchase from Si (i € {1,2}). Fj(p) is the fraction of n; that, in the absence of strategic
considerations, a j-consumer (j € {L, H}) purchases when Si sets price p; = p. We assume
that for j € {L,H}: ;

j

F}(p) = fj_bjp fOI‘pE[O,E]
J

= B(F) =, [~ F] for Fe [0, f), (77)

Specifically: (i) m1(p1) < m1(p1) if p1 € (r, p1); and (i) 71 (p1) < m1(7) if p1 € (1, 7).



where fyg > fr, by > by, and g—ﬁ > Z—i Thus, the H-consumer’s demand for each merchant’s
product is higher and less price-sensitive than the corresponding demand of the L-consumer.
The inverse demand curve of the H-consumer (Py(F)) lies to the right of and is less steeply-
sloped than the inverse demand curve of the L-consumer (P (F')). We also assume f;—b, ¢; >
0 forall j € {L,H} and i € {1,2}.

Let § € [0,1] denote a merchant’s perceived probability that a consumer is an H-
consumer. Then in the absence of strategic considerations, the profit-maximizing price that
Si will set for a generic consumer is determined by:

Max}i)mize nilp—cl{o[fu—bupl+[1=6][fr—brp]}. (78)
Differentiating (78) provides:

—[p—c][0bg +(1=06)br | +6[fa—bup|+[1—=6][fr—brp] =0

= 2p[5bH+(1—(5)bL] = [(5()]{4—(1—5)bL]Ci+5fH+[1—(5]fL
vy Olfmt+baal+[1-0][fr+brci]
= pi(0) = 2[6bg + (1—0) b ‘ (79)
(79) implies:
op;(6) _ B b e
o5 [00g + (1 =0)br] [ fa+baci— fr —brci]
—{o[fu+bumea]+[1—=0][fr+brei]} [bg —br]
== [fH—f‘bHCZ][(SbH—F(l—(;)bL—(SbH—i-(SbL]
— [fo+brc][0by+(1—08)by+ (1 —6)by — (1 —5)br]
= b fu+tbuc)—bulfo+brc] = by fu—bufr > 0. (80)

(77) implies that the welfare a j-consumer secures when he purchases F}(p;) n; units of
Si’s product at unit price p; is:

W;(Fj(pi)ni) = %Fj(pi) {%—pz} n;
= E[f-—b-p-][ﬁ—p} = Sl (81)
2 T ey 2b; - T

Similarly, (77) implies that the welfare an H-consumer secures when he purchases Fy,(p;) n;
units of Si’s product at unit price p; is:
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by
. n{ [{f—g—pi] FL<pi>—ﬁ[FL<pz->J2} - n@-FL<pz->{{—§—pz- - FL<pz->}
= 27;; Fr(p)[2fu—2bupi — Fr(pi)]
= 272;[fL_priHQfH_fL_(QbH_bL)pi}' (82)

We seek to determine if S1 will ever reduce p; below pi(d) to induce the H-consumer
to purchase ny Fg(p;) units of her product, even though doing so leads S2 to set price
p3(d = 1). We do so under the assumption that when S1 sets price p; for a consumer: (i) if
the consumer purchases n; Fy(p;) units from S1, S2 infers the consumer is an L-consumer,
and so sets ps = p5(6 = 0) for the consumer; and (ii) otherwise, S2 infers the consumer is

an H-consumer, and so sets py = pi(d = 1).

(79) and (82) imply that when an H-consumer purchases n; Fg(p;) units of S1’s product

at unit price p; and ny Fiy(p5(6 = 1)) units of S2’s product at unit price p3(§d = 1) = fH;b—ZHCQ,
his welfare is:
W = Wu(Fu(p1) na) + Wa(Fu(ps(0 = 1)) na)
om s na | fu + by e 2
= 2bH[fH brr p1 ] +2bH _fH bH( 20 >}
1 > [, b ’
= — [ fu—bap | i+ | fo——=(fug +bugca)| no
2y _ 2
1 2 1 2
= %0, [ fr —bup1] n1+1[fH—bH02] ny ¢ - (83)

(79) and (82) imply that when an H-consumer purchases ny F7(p;) units of S1’s product
at unit price p; and ny Fiy(p5(6 = 0)) units of S2’s product at unit price p3(6 = 0) = fL;Tim,

his welfare is:*
Wg = Wgu(Fp(p1)n1) + W (Fu(p3(0 = 0)) ng)

= ;TIH[fL_prl][QfH_fL_(2bH_bL>p1]+2nTQH[fH_bH (JCL;TL[)LCQ)} . (84)

1The “R” in W} denotes “reveal.” The “C” in W§ denotes “conceal.”
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Finding 2. Suppose by, = by = b. Then for any relevant p;:

z(fH_bCQ)‘l'fH_fL}.

C
Wi n—f0)

AV

W§<:>n1<n2[

Proof. (83) and (84) imply that when b, = by = b:

1

Wi z Wi < ni[fo—0bpi)[2fu— fo—bp]+ne |:fH_§

(hﬂm)]2

> nl[fH—bp1]2+%[fH—bCQ]2

& nl[fL_bpl][fH_bp1+fH_fL]+%[2fH_fL —bey |

> nl[fH_bp1]2+}l[fH_bC2 ]2

< nl[fL_bpl][fH_bp1]+n1[fH_fL][fL_bpl]+%[fH_b02+fH_fL]2

> mlfu—bp ]+ g [fw—bes
& TLl[fH—bpl_(fH_fL)][fH—bp1]+n1[fH—fL][fL—bp1]+%[fH—bcg]2
+ %[2<fH_fL)(fH_bC2)+(fH_fL)2] > nl[fH—lwl]?+%[fH—bc2 2
e nifu—fullfo—bpr] —ni[fu—fo]lfu—0p]

+ 22 (20 = fu) (fu —bea) + (fu = fu)’] > 0
& n1[fL—bp1]—n1[fH—bp1]+%[z(fH—b@)Jer—fL] >0

REN %[Q(fH—bCQ)—i—fH—fL} > n [ fo— fo]

2(fu—bex) + fu— fr
4(fu — fr)

= np < N2 [ |

Finding 2 implies that when the inverse demand curves of an H-consumer and an L-
consumer are parallel, the trade-off the H-consumer faces in deciding whether to conceal his
true product valuation (his “type”) does not vary with the price S1 sets. If o s sufficiently
small, the H-consumer conceals his type by reducing his purchase of S1’s product because
the corresponding (relatively small) welfare reduction he incurs in his interaction with S1
enables him to secure a (relatively large) increase in welfare in his interaction with S2.
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Finding 3 considers settings where the demand curves of the H-consumer and the L-
consumer are not parallel. The Finding characterizes the p; at which an H-consumer is

indifferent between revealing and concealing his type through his interaction with S1 (so
Wi = Wi).

Finding 3. Suppose by > by and there exists a p; at which W5 = W}. Then this p; is
determined by:

~ 1 N2
““@—m{h_ﬁ_ EA] (85)
2
where A = [fH—bH (JCL;_TEL@)] _i[fH—bHCQ]2. (86)

Proof. (83) and (84) imply that if there exists a p; at which W5 = W£, it is determined
by:

2
m [ fr = bopi)[2fu — fo— (20m — br) pr] + na [fH—bH (%)}

= [fu=bup P+ 22 fu = b o]
& [fu—bap "= [fo—bup][2fu— fr— (2bu—b) ;] = — A. (87)
Observe that:
(fu —bap ) = [fo—bopi][2fu — fr— (2bu —br) pi ]
= [ —2bg fupr + b5 P} — fL(2fu — fL—2bupy+ b p]
+ brp1(2fg — fo—2bupi+bopr]
= fh—2bg fapr VP —2f1 fu+ f7+2bg fopr— fLbip
+ 2by, fupr — br fLpy — 2. by p} + b7 P}
= [i—2fu fu+ [7+pi[bh —2b0by + b7 ]
+ pi[—2by fu+2by fr —2 fLbr 4+ 2bp fu ]
= [fu—ful = 2p1[bu (fu — fr) — b (fu — f) ]+ P} [bg — br ]
= [fu—fu)? = 2p1 [bu — b [ fu — fu] + P} (b — br)?

= [fu—fo = (bu—br)p:]". (88)

(87) and (88) imply that if by > by, and if the p; in question exists, then it is determined
by:

50



fH_fL_[bH_bL]pIZUZ_iA = m:bHibL[fH_fL_’,Z_?A}. |

Finding 4 specifies how p} varies with the maximum demands for the merchants’ products.

Finding 4. When the conditions specified in Finding 3 hold:

o7; o7} L
0 _9p 0 89
I, > 0 and Oy < = d(ny/nsg) ~ )
Proof. From (86):
B [ fL + br co 2 1 2
A = _fH bH( 2bL 4[fH bHC2]
20y fi — by (fL+ben)|” 1
_ L fu ;;)(fL L 2)} _Z[f?_l—ZbeHCQ"i_b%—ICg}
I L

= 22 {[QbLfH—bH(fL-l-ch?)]?_b%[f?{—2beH62_|_b§{C§]}
L

= 4b2{4b2fH Abp by fur [ fo +brca] + 5 [ fo +bp o)
— ] fh+2b7 by frco — b1 0% ¢35 }
= 4b2{3b2fH Abpby fr fo — 467 by fuca + 0% [fL+2bLfL62+bL62]
-+ 2b%beH62_b%b%ICg}

= 4b2 {3[)2 fH 4bLbeLfH—Qb%beHCQ+b§{fg+2bLb%{fLCQ}

1
= 1 {36% fi —4br by fr frr + by f£ +2br by [bu fr = by fu]ecs }
L

— ﬁ{[:gbLfH_beL][bLfH—beL] —2bp by [br fu — by fr]es}
L

br fu —bu fr

— T[gbLfH_beL — 2bp by ¢ ] (90)
_ bLfH4;2beL[bLfH—beL‘|‘2bL(fH_bHC2)] > 0. (91)
L

(85) and (91) imply that (89) holds if by > b,. W
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Finding 4 reflects the fact that as the H-consumer’s interaction with S2 becomes relatively
less important (in the sense that ns/n; declines), S1 does not have to reduce p; as much to
induce the H-consumer to reveal his type (by purchasing ny Fy(p1), rather than ny Fr(p1),
units of S1’s product).

It remains to identify conditions under which S1 finds it profitable to induce H-consumers
to reveal their relatively high valuation of the merchants’ products. If an H-consumer con-
ceals his type by acting as if he is an L-consumer, the profit-maximizing price for S1 is
pi(6d =0) = h;TIiLq When she sets this price, the profit S1 secures from her interaction
with the consumer is:

T1(p1(0 =0)) = ny[pi(d =0) — 1] FL(pi(d = 0)

_ Jr+brc Jr+bra
= m —QbL - fr—0bg —QbL

[fr=bra]®.  (92)

_ 0 fo+brei —2brcy 2by, fr — b fr — b3 e _
! 2b; 2b. 4by,

Define f¢ = 6 fy+[1—0]f, and b° = dby + [1—]by. If an H-consumer reveals
his type when S1 sets price p; = pj, then the profit S1 secures from her interaction with the
consumer is:

m(p1) = na [Py — ][0 Fu(py) + (1 —6) Fr(py)]
= m[p] — ][0 (fu —bupy)+ (1—0)(fr —bLp])]

= m [Py —al[f* =P = m [(f+bc) By — 0 (7)) — e f]

2
fo—fo— /2 A fo—Jfo—/2A
= ny | (f*4+0°c) b* —c f€

bH—bL bH_bL

= [bHTi—lbL]Q {[fe+bcr][bn —br] |:fH_fL_ \/?}
- bE[fH—fL—\/?r—clfe[bﬂ—w}. (93)

To verify that there are conditions under which m;(p}) > m1(pj(d = 0)), consider the
following parameter values:

s = 1; fg = 165 fo = 4; by = 3; by = 1. (94)
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(85), (90), and (92) imply that for the parameter values in (94):

16 — 12
A = 1 [3(16) —12—-6] = 48 —18 = 30;
1
P = 5[12—\/30712} = 6—2.739/ny; and
. 1 9
m(pi6=0) = ;[4=1 = . (95)

Because f¢ = 10 and b° = 2 for the parameter values in (94), (93) implies:

m(pY) = 411:12(2) (12—\/%\/71_2)—2(12—@\/772)2—40]
- %:12(12—@%)—(12—@%)2—%}
_ % 124 - 12/30 /iy — (2—\/%\/71_2)2}
— %:124—65.727¢n—2—(2—5.477\/71_2)2}. (96)

Suppose ny = 1. Then (96) implies:

1 9
[124 — 65.727 — (2 - 5.477)°] = 3 [58.273 — 12.090] = 23.092 > 1

N —

m(p1) =

Furthermore, from (95):

Pl o= 6-2739 = 3.261 € [0,4]; fu—bu P, = 16—3[3.261] = 6.217 > 0;
and fr—b,p; = 4—3261 = 0.739 > 0. A

This analysis demonstrates that a separating equilibrium can arise with non-binary de-
mand even when n; < ny. This is the case because a consumer can reveal his high product
valuation without increasing his consumption of S1’s product by n; units. Consequently,
S1 can sometimes (profitably) reduce p; to a level that induces H-consumers to reveal their
relatively high product valuation without reducing p; below r.
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